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§0 Introduction 

The hope which motivates this work is 

0.1 Conjecture : If ^ is an a.e.c. then either for every large enough cardinal /U, ^ is 
categorical in ii or for every large enough cardinal /U, ^ is not categorical in ii. 
Why do we consider this a good dream? See Chapter N. 

Our main result is 4.10, it says that if ^ is categorical in (ignoring few ex- 
ceptional /x's) and A G [LS(.^), /i) has countable cofinality and is a fix point of the 
sequence of the Hq-'s, (moreover a limit of such cardinals) then there is a superlimit 
M G Kx for which ^]^m] = \ {M' : M' = M} has the amalgamation property 
(and a good A-frame s with = ^[m])- Note that Chapter IV seems to give a 
strong indication that finding good A-frames is a significant advance. This may be 
considered an unsatisfactory evidence of an advance, being too much phrased in 
the work's own terms. So we prove in §5 - §7 that for a restrictive context we make 
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a clear cut advance: assuming amalgamation and enough instances of 2^^ < 2^ 
occurs, much more than the conjecture holds, see Chapter N on background. 

Note that as we try to get results on A = H;;^ > LS(.^), clearly it does not 
particularly matter if for k e (LS(.ft),A) we use, e.g. ki = k'^ or ki = n(2«)+(= 
or even ^ijin). 

After 4.10 the next natural step is to show that S\ has the better properties dealt 
with in Chapter III, Chapter IV, see [ 

Sh:F782]. Note that if we strengthen the assumption on /j, in §4 (to /j, = //^'^), 
then it relies on §1 only. Without this we need §2 (hence 5. 1(1), (4)). 
Originally we have used here categoricity assumptions but lately it seems desirable 
to use a weaker one: (variants of) solvability. About being solvable, see N§4(B), [Sh 
842]. This seems better as it is a candidate for being an "outside" generalization 
of being superstable (rather than of being categorical) . 

Here we use solvable when it docs not require much change; for more on it see [Sh 
842] , [Sh:F820] and on material delayed from here see [Sh:F782] . 
Note we can systematically use ii'sc(6')-iin^ gg^y -^[^^i^^ ^ _ ^j. ^ _ Lg(^_^) instead of 
K^^^; see Definition 0.14(8). In several respects this is better, but not enough to 
make us use it. Also working more it seemed we can get rid of "wide" , "wide over" , 
see Definition 0.14(1), (2), (3). If instead proving the existence of a good A-frame it 
suffices for us to prove the existence of almost good A-frame, then the assumption 
on A can be somewhat weaker (fixed point instead limit of fix points of the sequence 
of the n^'s). In §7 we sometimes give alternative quotations in [Sh 394] but do not 
rely on it. 

We thank Mor Doron, Esther Gruenhut, Aviv Tatarski and Alex Usvyatsov for 
their help in proofreading. 

Basic knowledge on infinitary logics is assumed, see e.g. [Di]; though the reader 
may just read the definition here in N§5 and believe some quoted results. 



0.2 Notation. Let 2o,aW = n„(A) := A + S{n^(A) : P < a}. Let 2i^c^{X) be 
defined by induction on a : '3ifi{X) — A, for limit P we let ^i,i3 = Di,-y and 

7</3 

ni,^+i(A) = where = (2^i.^(^))+. 



0.3 Remark. 1) For our purpose, usually ^i^f3^i{X) — ^5{fi,) where n = ni^^(A) 
suffice, see e.g. II.A§1 in particular on 5{—). Generally /j, = {^i^p{X))'^ is a more 
natural definition, but: 

(a) the difference is not significant, e.g. for a limit we get the same value 
(6) our use of omitting types makes our choice more natural. 
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2) We do not use but it is natural to define !Il-y+i^o(-^) = -^7 ^7+i,/3+i('^) = ^7,m(-^) 
with = (2^^+i.'3(A))+^n^^^^^(A) = J2^j+iA^) and 2s,o{X) = sup{n^,o(A) : 7 < 

I3<S 

5} = X,2s,i3+i{X) = ^s,p{^6,i3{X)),'2s,Si = swp{'2s,a{X) : a < Si}; this is used, e.g. 
in [Sh:g, ChV]. 

0.4 Definition. Assume M is a model, r = tm is its vocabulary and A is a 
language (or just a set of formulas) in some logic, in the vocabulary r. 

For any set ACM and set A of formulas in the vocabulary tm, let Sfr^(A, M) 
which we call the set of formal (A, Q;)-types over A in M, be the set of p such that 

(a) p a set of formulas of the form (fi{x,a) where (fi{x,y) & A,x = (xi : i < a) 
and a e ^^^^M 

(b) if A is closed under negation (which is the case we use here) then for any 
^{x, y) e A with x as above and a e ^^^y^A we have tp{x, a) e p or -'(p{x, a) e 
p. 

Recall 

0.5 Definition. 1) For ^ an a.e.c. we say M e .^51 is a superlimit (model in R or 
in ^0) when: 

(a) M is universal 

(b) if 5 is a limit ordinal < 6'^ and (Mq, : ck < (5) is -increasing continuous 
and a < 5 ^ ^ M then Ms = M (equivalently ^^^^ = ^ \ {N : N ^ 
M} is a 6'-a.e.c.) 

(c) there is N such that M <^ N e and N is isomorphic to M. 

2) We say M e .^51 is locally superlimit when we weaken clause (a) to 

(a)~ if N E is a <^-extension of M then N can be <j^-embedded into M. 

3) We say that M is pseudo superlimit when in part (1) clauses (b),(c) hold (but 
we omit clause (a)); see 0.6(7) below. 

3A) For M eKx let i^[M] = ^^x^ he ^ \ {N : N ^ M). 

4) In (1) we may say globally superlimit. 

0.6 Observation. Assume is an a.e.c. and) ^\ 7^ 0. 

1) If ^ is categorical in A and there are M then every M E ^\is superlimit. 

2) If every /some M E K\ is superlimit then every /some M G Kx is locally 
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superlimit. 

3) If every/some M E is locally superlimit then every/some M E is pseudo 
superlimit. 

4) If some M G is superlimit then every locally superlimit M' G is isomor- 
phic to M. 

5) If M is superlimit in ^ then M is locally superlimit in If M is locally super- 
limit in ^, then M is pseudo superlimit in ^. If M is locally superlimit in then 

has the joint embedding property iff M is superlimit. 

6) In Definition 0.5(1), clause (c) follows from 

(c)- LS(.^) < e and K>g+ ^ 0. 

7) M G Kx is pseudo-superlimit iff ^[m] is a A-a.e.c. and <it[J^^] is not the equality. 
Also Definition 0.5(3A) is compatible with III. ^^^600-0.33 

0.7 Definition. For an a.e.c. ^, let .^Jf , be the class of M G which are 
superlimit, locally superlimit, pseudo superlimit respectively with the partial order 
<A-}^ <si]f: <ffpi being <si\ Kf}, <ii\ K^^ respectively. 

0.8 Definition. 1) $ is proper for linear orders when: 

(a) for some vocabulary r = t$ = t($), $ is an w-sequence, the n-th element a 
complete quantifier free n-type in the vocabulary r 

(6) for every linear order / there is a r-model M denoted by EM(/, gen- 
erated by {at : t G /} such that s 7^ t ^ 7^ at for s, t G / and 
(atg, . . . , at^_^) realizes the quantifier free n-type from clause (a) whenever 
n < iv and to </•••</ ^n-i; so really M is determined only up to isomor- 
phism but we may ignore this and use Ii ^ Ji ^ EM(/i, $) C EM(/2, $). 
We call {at : t E I) "the" skeleton of M; of course again "the" is an abuse 
of notation as it is not necessarily unique. 

lA) If r C r($) then we let EM^(/, $) be the r-reduct of EM(/, 

2) T°'^[.^] is the class of $ proper for linear orders satisfying clauses (a) (a), (6), (c) 
of Claim 0.9(1) below and |r($)| < k. The default value of k, is LS(^) and then we 
may write T^^ or T°''[.^] and for simplicity always k > LS(.^) (and so k, > |r>^|). 

3) We define "$ proper for K" similarly when in clause (b) of part (1) we demand 
/ G -fC, so -fC is a class of r^^-models, i.e. 

(a) $ is a function, giving for a quantifier free n-type in tk, a quantifier free 
n-type in r$ 

{by in clause (b) of part (1), the quantifier free type which (at^, . . . ,at^_^) re- 
alizes in M is $(tpqf((to, • ■ • , ^n-i), 0, M)) for n < to, ■ ■ • , t-n-i £ I- 
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0.9 Claim. 1) Let ^ be an a.e.c. and M E K he of cardinality > Di^i(LS(^)) 
recalling we naturally assume |rj^| < LS(^) as usual. 

Then there is a ^ such that $ is proper for linear orders and: 

(a) (a) Til C r$, 

|r<i,| = LS(i^) + |r^| 

ih) for any linear order I the model EM(/, $) has cardinality |r($)| + |/| and 
we have EM^(^)(/, $) G i^^ 

(c) for any linear orders I J we have EMt-(j^)(/, $) EMt-(^)( J, $) 

(d) for every finite linear order I, the mo(ie/ EMt-(^)(/, $) can be <si-emhedded 
into M . 

2) If we allow LS(^) < |rft| and there is M E ^ of cardinality > Di^i(LS(^) + |t^|), 
then there $ G "l'"LS(ii)+|r(<i>)| [-^1 -^i^c/i that EM(/, $) has cardinality < LS(^) for I 
finite. Hence S' has < 2^^^-'^) equivalence classes where = {(Pi,P2) : -P17-P2 ^ t$ 
and p^^^^'"^^ = p^^i^'^) Jqj. Q^Qj-y linear order /}. 

3) Actually having a model of cardinality > for every a < (2^^(-'^)+l'^(-'^)l)+ suffice 
(in part (2)). 



Proof. Follows from the existence of a representation of ^ as a PC^,2'^-class when 



^ = LS{^) + \t{K)\ in I. 
(or see [Sh 394, 0.6]). 



l88r-1.4 



.(3), (4), (5) and I. 



l88r-1.8 



□ 
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0.10 Remark. Note that some of the definitions and claims below will be used 
only in remarks: K^^^'^^ from 0.14(8), in 1.7; and some only in §6, §7 (and part 
of §5 needed for it): T|3"[2] from 0.11(5) (and even less T|i'^[a(*)] from Definition 
0.14(9)). Also the use of <f , <|f, <® is marginal. 

0.11 Definition. We define partial orders <®, and <® on T'°''[.^] (for k > 
LS(il)) as follows: 

1) ^'i <® ^'2ifr(^'i) C t{^2) andEM,(^)(/,^'i) <.« EM,(^) (/, ^'2) andEM(/,^'i) = 
EM^(^^)(/, ^'i) C EM^(^^)(/, ^'2) for any linear order /. 

Again for k = LS(.^) we may drop the k. 

2) For $i,$2 £ we say $2 is an inessential extension of $1 and write 
^1 <K ^2 if $1 <® $2 and for every linear order /, we have (note: there may be 
more function symbols in r($2)0 



EM,(^)(/,$i) = EM,(^)(/,$2). 
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3) Let T|J^ be the class of ^ proper for linear order and (producing a linear order 
extending the original one, i.e.) such that: 

(a) t(\1/) has cardinality < k and the two-place predicate < belongs to t(\E') 

(6) EM{<j.(/, is a linear order which is an extension of / in the sense that 
EM(/, $) 1= "as < at" iff / |= "s < t"; in fact we usually stipulate [t e I ^ 
at = t]. 

4) <® $2 iff there is * such that 

(a) VET e 

(b) G T'^JIK] for £= 1,2 

(c) $2 — K ^2 where $2 — ^ ° ^i; i-^- for every linear order / we have 

EM(/,$^)= EM(EM{<}(/,^),$i). 

5) Tji"[2] is the class of ^ proper for K}^^ and producing structures from K}^* 
extending the originals, i.e. 

(a) t| = {<, Pq, Pi} where Pq, Pi are unary predicates, < a binary predicate 

(6) K}^f = {M : M a T2*-model, <^ a linear order, {P^,Pf) a partition of 

M} 

(c) the two-place predicate < and the one place predicates Po,Pi belong to 

(d) ifle then M = EM^. (/, $) belongs to K}^^ and <^ is a linear order 
and I \^ s < t ^ M \^ as < at and t e P^ =^ ae e P/^. 

6) Similarly Ti!^[a(*)] using K!?? (see below in 0.14(9)). 

a(*) 

0.12 Claim. Assume $ G 

1) If TT is an isomorphism from the linear order Ii onto the linear order I2 then it 
induces a unique isomorphism tt from Mi = EM(/i, $) onto M2 = EM(/2, $) such 
that: 

(a) 7t{at) = a^(t) fortel 

(b) 7r(cr^i(ato,...,at„_J) = cr^2(a^(to),...,a^(t„_,)) where a{xo, . . . , Xn-i) is 
a T^-term and to, ... , tn-i G Ii ■ 
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2) If TT is an automorphism of the linear order I then it induces a unique automor- 
phism TT o/EM(/, (as above with /i = / = 

0.13 Remark. 1) So in 0.11(2) we allow further expansion by functions definable 
from earlier ones (composition or even definition by cases), as long as the number 
is < K. 

2) Of course, in 0.12 is true for trivial ^. 

So we may be interested in some classes of linear orders; below 0.14(1) is used much 
more than the others and also 0.14(5), (6) are used not so few times, in particular 
parts (8), (9) are not used till §5. 

0.14 Definition. 1) A linear order / is Av-wide when for every 9 < k there is a 
monotonic sequence of lenth 9^ in I. 

2) A linear order / is K-wider if |/| > ^i^i{k). 

3) I2 is «;-wide over Ii if Ii C I2 and for every 9 < k there is a convex subset of I2 
disjoint to /i which is 6'"'"-wide. We say "I2 is wide over /i" if "/2 is |/i|-wide over 

-'2 • 

4) is the class of linear orders [of cardinality A]. 

5) Let K^^^ be the class of infinite linear order / such that every interval has 
cardinality |/| and is with neither first nor last elements. 

6) Let the two-place relation </^fiin on K^^^ be defined by: / </^fiin J iff /, J G iiT^'" 
and I Q J and either / = J or J\I is a dense subset of J and for every t e J\/, / 
can be embedded into J f {s G J\I : (Vr e I){s <j r = t <j r)}. 

6 A) Let the two-place relation <^fii„ on K^^^ be defined similarly omitting "/ G 
i^fl^"" (but not J G K^'"). 

7) Kfli" = {/ G K^'"" : |/| = 6*} and <^mn=<^fiin \ Kf"". 

8) K^^^'^^ is the class of linear orders of cardinality 9 which are the union of < k 
scattered linear orders (recalling / is scattered when there is no J C / isomorphic 
to the rationals). If k = Kq we may omit it (i.e. write K^'^'^^^). 

9) Let T*. ^ = {<} U {Pi : i < «(*)}, Pj a monadic predicate, K}^* = {/ : / a 

T*^^^-model, <^ a linear order and (P/ : i < «(*)) a partition of /}. If a{*) = 1 we 
may omit Pq, so / is a linear order, so any ordinal can be treated as a member of 

^1 

0.15 Observation. 1) If |/| > 2^ then / is 6'+-wide. 

2) If |/| > A and A is a strong limit cardinal then / is A- wide. 

3) (i^f <Kfnn) almost is a ^-a.e.c, only smoothness may fail. 
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4) If h e -f!^"" then for some h e K^'"" we have: I/2I = + and h <Kniu h] 
and (V/o)[/o C Ii A Jo e K^'"" h <k^-^^ h]- 

5) If /i is K-wide and Ii K^eiin I2 then I2 is K-wide over I2. 

Remark. If in the definition of <xfiin in 0.14(6) we can add "(Vt G /)(3t' e J)[t' <j 
t A (Vs e /)(s </ t — > s <j t')]" (and its dual, i.e. inverting the order). So we can 
strengthen 0.14(6) by the demand above. 

Proof. 1) By Erdos-Rado Theorem, i.e., by (2^)+ ^ {e+)l. 

2) Follows by part (1). 

3) , 4), 5) Easy. Do. 15 
0.16 Claim. 1) (T°[-^], <®), (T^'-f.^], <«) and (T°['^],<®) are partial orders (and 

^g) <ie(— ^® ) 

— K 5 — K — — K / ■ 

// $i e and t/ie sequence ($i : i < S) is a <f -increasing sequence, 

S < K+, then it has a <®-l.u.b. $ e T^-^lJ^], and EM(/,$) = |jEM(/,$i) /or 

i<5 

every linear order I, i.e. t($) = U{T($i) : z < 5} and for every j < S we have 
EM,($^,)(/,$) = U{EM,($^)(/,$) : z e [j,5)}. 
5J Similarly for <® and <)5^. 

//$ G T'^" and / G K^^"- then I C EM{<j.(/, $) as linear orders stipulating (as 
in 0.11(3)) that at = t. 



Proof. Easy. Do.ie 
Recall various well known facts on Loo.e- 

0.17 Claim. 1) If M, N are r-models of cardinality X, cf(A) = Kq and M =h^ x ^ 
then M ^N. 

2) If M, N are r-models then M =-l^ N iQ there is ^ such that 

® (a) (a) each f G ^ is a partial isomorphism from M to N 

(7) if f and AC Dom(/) then f \ Ae^ 

{b) if f e J^,Ae [M]<^ and B G [A^]<^ then for some g e ^ we have 
f Cg,ACDoin{g),BCRang{g). 
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2A) If M <Z N are r -models, then M -<i^^^g N iff for some ^ clauses ®(a), (6) 
hold together with 

(c) if A E [M]<^ then for some f E ^ we have id^ C /. 

2B) In part (2) (and part (2A)), we can omit subclause (7) of clause (a), and 
if ^ satisfies (a) (a), + (b) (and (c)), then also ^' = {f \ A : f & ^ and 
A C Dom(/)} satisfies the demands. 

2C) Let M, be r-models and define ^ = {/; for some a G ^^M, f is a function 
from Rang(a) to N such that (M, a) ^l^,^ (iV, /(a))} then M =L^_e N iff ^ 
iff ^ satisfies clauses (a),(b) of®. 

3) If M is a T-model, 6 = d.{6) and ji — ||M||^^ then for some 7 < and 
A C gi(r) of cardinality < ji such that each (fi{x) & A is of quantifier depth 
< 7, we have 

(a) for a,be^>M we have (M, a) =l^^ (M, b) z#tpA(a, 0, M) = tpA(a, 0, M) 

(b) for any T-model N we have N =Loo,e ^ iff {tpA(a, 0, -/V) : a e ^>iV} = 
{tpA(a,0,M) : a e ^>M}. 

4) Assume x > /x = /x^*^ and x G J^{x)- There is OS such that (in fact clauses 
(d) -(g) follow from clauses (a),(b),(c)) 

(a) ^ -< g) has cardinality fi, 

(6) + 1 C ^ and [<B]<'^ C 03 and a; G 03 

(c) !B ^L.,. (^(x), e) 

(d) i/^ is an a.e.c. withLS{^)-\-\T{^)\ < n and M G 03 (which means {{M,N) : 

M N has universes C LS(^)} E^) then 

(a) M G i^n03 ^ M f 03 := M t (03nM) <^ M 
(/?) ifM<^N belongs to 03 then M f 03 <^ TV f OS 

(e) if K is as in (d), $ G T^''^[^] fl 03 and I E ^ is a linear order and so 
M - EM(/, $) G 03 then I' ^ I \ ^ C I and M \ ^ ^ EM(/', $) so 
(M r r(i^)) r « = EM,(^)(r, $) <^ M r r(i^) 

(/) ^/ kl < A*5 £ ^ ^JJ^^^ M, AT G 05 are r-models, then 

(a) Mr^^L^MM 

M ^i^^ ,^[.] iv zff (M r ®) (iv r ®) 

(7) ifM CN then (M ^L^,.(r) iV) ^ff (M \ ^l^,,^ {N \ this 
applies also to (M, a), (A^, a) /or a E '^^ M 
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(g) if I e K^'"" then Ii n 05 G K^'"" and if h <Km^ h then {h n OS) <*j^ni^ 
Proof l)-3) and 4)(a),(b),(c) Well known, e.g. see [Di]. 

4) Clauses (d),(e),(f): as in 0.9(1), i.e. by absoluteness. Also clause (g) should be 
clear. CIlo.iT 

0.18 Remark. 1) We will be able to add, in 0.17(4): 

{g) if M. is as in clause (d) and r = Tj^ then in clause (f) we can replace Loo, «;('?■) 
by Loo,k[-^] and Lk,k(t) by Lfj^K[.ft], see Definition 1.9 and Fact 1.10(5). 

2) We use part (4) in 1.26(3). 

0.19 Definition. For a model M and for a set A of formulas in the vocabulary 
of M,x = {xi : i < a),A C M and a e "'M let the A-type of a over ^ in M be 
tpA(a, A, M) = {(f{x, b) : M \= (f[a, b] where (f = (fi{x, y) e A and b e ^3iy)A}. 

§1 Amalgamation in Kl 

Our aim is to investigate what is implied by 1.3 below but instead of assuming 
it we shall shortly assume only some of its consequences. For our purpose here, 
for 9 e [LS(.^),A),A = Ha it does not really matter if we use n = ^i^i{9) or 
K, = ^i^i{^{9)) or ni,n(^), as we are trying to analyze models in K\. 

1.1 Remark. 1) We can in our claims use only $ G T^'' = "''"ls(^) t-^] because for 
every 9 > LS(.^) we can replace K by as LS{K>0) = 9 when ^ 0, of 
course. 

2) As usual we assume |t^| < LS(.ft) just for convenience, otherwise we should just 
replace LS{^) by LS(.^) + |t^|. 

1.2 Hypothesis. 

(a) ^ = {K, <j^) is an a.e.c. with vocabulary r = (and we can assume 

|t| < LS(.^) for notational simplicity) 

{b) ^ has arbitrarily large models (equivalently has a model of cardinality 
> ni,i(LS(.ft))), not used, e.g. in 1.10, 1.11 but from 1.12 on it is used 
extensively. 
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1.3 Definition. We say (//, A) or really (//, A, $) is a weak/strong/pseudo ^- 
candidate when (weak is the default value): 

(a) n > X — "^x > LS(^) (e.g. the first beth fix point > LS(.^), see 3.5; in the 
main case A has cofinality Kq) 

(6) categorical in /j, and $ e T^^ 
or just 

{b)~ ^ is weakly /strongly /pseudo solvable in /j, and $ e T^"^ witnesses it; see 
below. 

1.4 Definition. 1) We say ^ is weakly (//, K)-solvable when > k > LS(.ft) and 
there is $ G T°''[J^] witnessing it, which means that $ G T°''[j^] and EM^(j^)(/, $) 
is a locally superlimit member of for every linear order / of cardinality We 
may say $) is weakly (/x, «;)-solvable and we may say ^» witness that is weakly 
(yLt, K;)-solvable. 

If K — LS(.^) wc may omit it, saying ^ or $) is weakly |U-solvable in /i. 

2) A is strongly (|U, K)-solvable when n > k > LS(.^) and some $ G T°'^[.^] witness 
it which means that if / G K^^'^ then EM^[^](/, $) is superlimit (for ^x). We use 
the conventions from part (1). 

3) We say is pseudo (//, K)-solvable when jJi> k> LS(.^) and there is $ G T°^[.^] 
witnessing it which means that for some //-a.e.c. ^ with no <j^/ -maximal member, 
we have M G j^' iff M = EM^(^)(/,$) for some / G K^'" iff M ^ EM^(^)(/,$) 
for every / G We use the conventions from part (1). 

4) Let (/X, «;)-solvable mean weakly (/x, «;)-solvable, etc., (including 1.3) 

1.5 Claim. 1) In Definition 1.3, clause (b) implies clause (b)~ . Also in Definition 
1.4 is strongly (//, K)-solvable" implies is weakly (//, K)-solvable" which implies 

is pseudo {fx, K)-solvable". Similarly for $). 
2) Assume $ G T°''[j^]; if clause {b)~ of 1.3 or just < 2^, or just 2^ > 

/(/i, {EMt-(^)(/, $) : / G K^fl'^}) for some ji satisfying LS(.^) < k'^ < /j, then we can 
deduce that 

(*) $, really {R, $) has the K-non-order property, where the K-non-order prop- 
erty means that: 

if I is a linear order of cardinality KjP-jP G "^I form a A-system pair (see 
below) and {ai{x) : i < k) lists the r{^)-terms (with the sequence x of vari- 
ables being {xi : i < k)) and {at : t & I) is "the" indiscernible sequence gen- 
erating EM(/, $) (i.e. as usual "{at ■.tel)"is "the" skeleton o/EM(/, $), 
so generating it, see Definition 0.8) then for some J ^ I there is an auto- 
morphism 0/ EMt-(^) ( J, $) which exchanges {ai{{ati : i < k)) : i < k) and 
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((Ti((a^2 : i < k)) : i < k) . 
where 

Kl ,P E "^I is a A-system pair when for some J '2 I there are E'^J 
for C G 2} such that {t°' : a < k) is an indiscernible sequence for 

quantifier free formulas in the linear order J. 



Proof. 1) The first sentence holds by Claim 0.9(1) and Definition 0.8 (and Claim 
0.6). The second and third sentences follows by 0.6. 

2) Otherwise we get a contradiction by [Sh 300, Ch.III] or better [Sh:e, III]. □1.4 

1.6 Definition. 1) If is a class of linear orders and $ e then we let 

K[^', $] = {EM^(^)(/, $) : / G ^'}. 

2) Let ^^('^)"^'" lY^Q class of linear orders / of cardinality 9 such that for some 
scattered-^ linear order J and $ proper for K'"^ such that < belongs to t$, |t$| < k, 
we have / is embeddable into EM{<;}(J, $). If we omit k, we mean LS(.^). If k = b^o 
we may omit it. 

1.7 Remark. 1) Note that in Definition 1.4(1) we can restrict ourselves to / G 
^sc(0)-iin^ see 0.14(8) and even / G K'^(^)-"^ see 1.6(2), i.e., assume > K{Jt' , $ 
for = or = ^M(6')-iin restrict the conclusion (*) to / G 
^sc(e)-iin A gg^-j^ -g ^^^^^ if A > ^, every / G i^^^^^)""^ is A- wide so later K* = K**, 
and being solvable is a weaker demand. But it is less natural. Anyhow we presently 
do not deal with this. 

lA) Note that Kf'^-'''' D 

2) An aim of 1.8 below is to show that: by changing $ instead of assuming 
Ii C /2 A {I2 is K-wide over Ii) it suffices to assume Ii C I2 A {I2 is K-wide). 

1.8 Claim. For every $1 G T°^[.ft] there is $2 such that 

(a) £ '"^ft'^f'^] Oj''^'^ if^i witnesses ^ is weakly /strongly /pseudo {X, k) -solvable 
then so does $2 

(b) T$i C and jr^j] = |t$J + b^o 

(c) for any I2 G K^^^ there are Ii and h such that: 
(a) h e and even h e K^""", see 0.14(5) 



^i.e. one into which the rational order cannot be embedded 
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(/?) h is an embedding of I2 into Ii 

(7) there is an isomorphism f from EMt-($^)(/2, $2) onto EM(/i, $1) such 
that f{at) = ah{t) for t e h 

{S) if Ji — Ii \ Rang(/i) and we let S = {(^1,^2) '■ ^1,^2 ^ Ii\Ji o-nd 
(Vs e Ji){s < t\ = s < ^2)} then : S is an equivalence relation and 
each equivalence class has > I/2I members and Ji <Kfiin Ii, see 0.14(6) 

(e) [not used] if ^ J2 Q I2, Ji = {t & Ii: for some r($2)-^erm 
(7{xo, . . . J Xn-i) and some to, ... , tn-i ^ J2 we have f~^{at) = 
cr^mi2,^2)(^ato^...,at„_J} and J[ C Rang(/i)\Ji and t G J[ then 
{s e t/S" : f~^{as) belongs to the Skolem hull of {f~^{ar) '■ r e J(} 
in EM(/2,$)} has cardinality > \J[\ and J[ and its inverse can be 
embedded into it; in fact, Ii and its inverse are embeddable into any 
interval 0//2. 



Remark. 1) We can express it by <®, see 0.11(4). So for some \I/ proper for linear 
orders such that Tij, is countable, the two-place predicate < belongs to and above 
EM{<}(/2,^') is/i. 

2)Infact, J2 C/2 =^ EM{<}(J2,*) <i^mn EM{<}(/2, *) and /2 <;^fnn EM{<}(/2,$) 
when we identify t & I2 with at- 



Proof. For I2 G i^^'" let the set of elements of Ii be {77 : 77 is a finite sequence of 
elements from (Z\{0}) x I2}. For ry G Ii let {£n,k-,'tri,k) be ri{k) for k < £g{ri). 
Lastly, Ii is ordered by: 771 < 772 iff for some n one of the following occurs 

® (a) r}i \ n = r)2 \ njg{r]i) > n,ig{r]2) > n and i^^^n < ir,2,n 
{b) Tji \ n^r]2 \ n, £g{r]i) > n, £g{r]2) > n, £rj^^n = £v2,n > and 

trii,n </2 ^772, n 

(c) ?7i t n = ?72 f njg{r]i) > njg{r]2) > njrii,n = £v2,n < and 

tr]2,n ^771,". 

(d) rji f 71 = 772 1 71, £g{rii) = 71, £5r(772) > 71 and £rj2,n > 

(e) ?7i I" n = ?72 [ n, ig{rii) > n, £g{r]2) = n and £^,,n < 0. 

We identify t E h with the pair (l,t). Now check. Dls 
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1.9 Definition. 1) Let the language Le,a[^] or 'Le,d,Si where 9 > d >)^q and 6 is 
possibly oo, be defined like the infinitary logic "Lo^diTR)-, except that we deal only 
with models from K and we add for i* < d the atomic formula "{xj : i < **} is the 
universe of a <j^-submodel" , with obvious syntax and semantics. Of course, it is 
interesting normally only for d > LS(.^) and recall that any formula has < d free 
variables. 

2) For M a r^-model and N e K let M -<heM^] N means that M C N and if 
(f{x,y) is a formula from L6i,9[.^] and N \= (^x)(f{x,h) where h e ^9(y^M, then for 
some a e ^S'(^)M we have N \= (p[a, b]. 

1.10 Fact : 1) l^ 9 > d > LS{^) and M, N are r^-models and iV e K and M 
N, then M N smd M e K . 

2) The relation '^^^ ^1^° be defined as usual: M ^Les[it] ^ 12 M,N G 
K^M C. N and for every we have M \— (fi[a] iff 
N^cp[a]. 

3) li N e ^ and M is a r^-niodel satisfying M -<i^^ ^ N and k > LS(.ft) then 

M G M <^ iV and M iV. 

4) If G M a Ti<:-model and M =l<^ iV where k > LS{R) then M G K and 

5) The parallel of 0.17(2) holds for Loo,k;[^], i-e. there is ^ satisfying clauses (a),(b) 
there and 

(d) if /G^ then 

(a) M \ Dom(/) <^ M 
{/3) N \ Rang(/) <^ M. 

6) Also the parallel of 0.17(2A) holds for Loo,k[^]. 

7) The parallel of 0.17(4) holds for hooM- ' 

Proof. Part (1) is straight (knowing I§1 or [Sh 88, §1]). Part (2) is proved as in the 
Tarski-Vaught criterion and parts (5), (6), (7) are proved as in 0.17. 
Toward proving parts (3), (4) we first assume just 

Kli M, N are TK-models, N e K and M ^ N and k > LS{^) and A G 
[LS(.^), fi) 

and we define: 

□ (a) I ^ Ix = {(/, M', N') : M' CM and N' C N and / is an isomorphism 
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from M' onto N' and ||M'|| < A and letting a list M' we have 
iM,a) =L^,^ (NJia))} 

(b) for teIlett={ft,Mt,Nt) 

(c) for £ = 0, 1, 2 we define the two-place relation <j on /: 

let s <\ t hold iff 

(a) i = and Q Mt A C Nt 

{/3) 1 = 1 and M, <^ Mt A N, <^ Nt 
(7) £ = 2and/, C/, 

(d) h = := {telo: Nt <M N} and let =<j f /i for £ = 0, 1, 2. 
Now easily 

(*)o (a) / 7^ is partially ordered by <j for £ = 0, 1, 2 

(7) s<jt^ s <5 t. 

[Why? Straight, e.g. / 7^ by 0.17(1).] 

(*)i ifteh then Mt G K<a and iVt e K<a. 

[Why? As t e /i by the definition of / we have A^^ e K<x (because Nt <^ N) and 
Mt e K<\ as /t is an isomorphism from Mt onto Nt.] 

(*)2 if s e /, A e [M]-^ and B e [A]<^ then for some t we have s <] t and 
^ C Mt and 5 C A^. 

[Why? By the properties of =Loc,«) see 0.17(2C) as k > A, M =Loo « the 
definition of /.] 

(*)3 if s <\ t then s <] t, i.e. Mg <^ Mt and Ns <^ Nf 

[Why? As s, t G Ii we know that Ng <ji N and Nt <ji N and as s <| t we have 
fs ^ /t hence Ng C A^. By axiom V of a.e.c. it follows that Ag <^ A^. Now 
Ms <M Mt as ft is an isomorphism from Mt onto A^ mapping Mg onto Ng (as it 
extends fs by the definition of <|) and <^ is preserved by any isomorphism. So 
by the definition of <} we are done.] 

(*)4 if s G / then for some t G /i we have s <j t (hence Ii ^0). 
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[Why? First choose N' <^ N of cardinahty < A such that A^^ C A^', (possibly by 
the basic properties of a.e.c. (see I§1 or Chapter II.B)). Second we can find t E I 
such that Nt — N' A fs C ff by the characterization of =Loo « (*)2- So s <f t 

by the definition of <f and Nt = N' <^ N hence t G /i as required. Lastly, Ii ^ 
as by {*)o{a) we know that / 7^ and apply what we prove.] 

(*)5 if s t then Ns <^ Nf 

[Why? As in the proof of (*)3 by AxV of a.e.c. we have Ns <^ Nt (not the part 
on the M's!)] 

(*)6 if s e /i, A e [M]-^ and B e [M]-^ then for some t we have s t and 
AC Mt,B C Nt. 

[Why? By (*)2 there is ti such that s <j ti, A C Mt^ and B C Nt^. By (*)4 there 
istEli such that ti <j t hence by (*)o(q;) we have s <j t. As s,t E Ii this implies 

Note that it is unreasonable to have "(/i, <jj-directed" but 
(*)? {hi^jj is directed. 
[Why? Let si, S2 G Ii. We now choose tn by induction on n < a; such that 

(a) tn e h 

(b) Mt^ includes U{Mt^ : k < n} U M^^ U M^^ if n > 2 

(c) A^t„ includes U{iVt^ : k < n} U N^^ U Ns^ if n > 2 

(d) to = si 

(e) ti = S2 

(/) if n = m + 1 > 2 then tm <^i^ tn 

(g) if n = m + 2 then tm <j tn hence tm <\ tn- 

For n = 0, 1 this is trivial. For n = m + 2 > 2, apply (*)6 with tm, U{Mtj^ : k < 
m + l},U{A^t^ : k < m + 1} here standing for s, A, B there getting tm so we get 
tn G /i in particular tm <f tn, so clause (a) is satisfied by tn- By the choice of tn 
and as si = to, S2 = ti, clauses (b) + (c) hold for tn- By the choice of t^ obviously 
also clause (g). Now why does clause (f) hold (i.e. tm+i </ ^n)? It follows from 
clauses (a),(b),(c), so tn is as required. Hence we have carried the induction. Let 
N* = U{Nt^ : 2 <n < a;}, so clearly by (*)5 and clause (f) we have Nt^ <^ -^t„+i 
for n > 1, and clearly Mt„ C Mi„^^ for n > 1. Let M* = U{Mt„ : 2 < n < to}. 
Note that by (*)3 and clause (g) we have Mt^ <si Mt^_^_^, so {Mt^_^_^ : n < ui) 
is C-increasing, and for £ = 0, 1 the sequence {Mt^^_^^ : n < uj) is <^-increasing 
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with union M*, hence by the basic properties of a.e.c. we have M2n+i M*. 
So Ms, = Mt, <si M\Ms, = Mt, <A M\ Now M^.^Ms, C Mt, <si M* 
hence Mg^.Ms^ <j? Mt^, RecaU that Ns^ = Nt^ <si Nt^ was proved above and 
= Nt-^ <it was also proved above so t2 is a common <}-upper bound of 
si, S2 as required.] 

(*)8 if s t then s t. 

[Why? By (*)7 there is ti G Ii which is a common <j^-upper bound of s,t. So 
Ms C Mt (as s <\ t) and M, <^ Mt^ (as s <\ ti) and Mt <a Mt, (as t ti). 
Together by axiom V of a.e.c. we get Ms <si Mt and by (*)5 we have Ns <^ Nt. 
Together s t as required.] 

(*)9 {Ms : s G (/i, <} )) is <^-increasing, (/i, <} ) is directed and U{Ms : s G 
h} = M. 

[Why? The first phrase by the definition of in clause (c)(/3) of □, the second 
by (*)7 and the third by (*)6 + (*)4.] 

By the basic properties of a.e.c. (see I. -^^^88r-1.6 ^^^^) we deduce 

© (a) MeK 

(b) teIi^Mt<A M. 

Now we strengthen the assumption Kli to 

^2 the demands in and M -<l^,„[t^] ^• 

We note 

®i (a) if a G "M, |a| + LS(j^) < X < k then for some t G /a, /t(a) = a 

(b) if M' C M and ||M|| < A then (idM', M', M') G h 

(c) if Ml C iVi C and Mi C M and || A^i || < A then for some t G / 

we have Nt = Ni and idMi — ft- 

[Why? Clause (a) is a special case of clause (b) and clause (b) is a special case 
of clause (c). Lastly, clause (c) follows from the assumption M ^[t-^] N and 
0.17(2A),(2B).] 

We next shall prove 

®2 M <si N. 

By I. ^^^^88r-1.6 ^^^^ and (*)9 above for proving ©2 it suffices to prove: 
®3 if s G h then Ms <si N. 
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[Why ®3 holds? As M <Z N there is iV* <^ N of cardinahty < A such that 
MgUNg C iV*. By ®i(c) there is t E I such that Nt = iV* and idM, Q ft- As 
A^* <it iV it follows that t E Ii. So by Kli =^ 0(6) applied to s and to t we can 
deduce Ms <r M and <^ M. But as idM, ^ it follows that Ms C 
hence by AxV of a.e.c. we know that Ms <r Mt. But as t E I clearly ft is an 
isomorphism from Nt onto Mt hence ft^{Ms) <si Nt, and as idM^ ^ this means 
that Mg = ff^{Ms) <^ Nt- Recalling A^^ <^ N and <^ is transitive it follows that 
Ms N as required.] 

Let us check parts (3) and (4) of the Fact. Having proved Kli =^ 0(a), clearly in 
part (4) of the fact the first conclusion there, M E K, holds. The second conclusion, 
^=L^,«[^] holds by 

®4 if f{x) E Loc,,.[i^] and \ig{x)\+ LS(j^) < A < ac and t e / and a e ^s(^)(Mt) 
then M |= if[a] ^N ^ Mio^)]- 

[Why? Prove by induction on the depth of (f for all A simultaneously. For a = 0, 
first for the usual atomic formulas this should be clear. Second, by (*)4 there is 
ti such that t <'j ti E h hence by ®3+ clause (d) of □+ clause (b) of we 
have Mt^ <m N A Nt^ <m N A Mt^ <r M respectively. So if tt C lg{x) then 
M \ Rang(a \ u) M ^ M \ Rang(o [ u) <si Mt^ ^ N \ Rang(/(a) f u) <^ 
Nt-^ -v^ [ Rang(/(a) [ u) <^ A^. So we have finished the case of atomic formulas, 
i.e. a = 0. For '^{x) = (3y)i/j{x,y) use (*)2, the other cases are obvious.] 

So part (4) holds. As for part (3), the first statement, "M E K" holds by part (4), 
the second statement, M <^ AT, holds by ®2 and the third statement, M -<j^^ ^[^] 
A^" follows by ®i(6) + ®4. As we have already noted parts (1),(2),(5),(6) and part 
(7) is proved as ®4 is proved, we are done. Dlio 

1.11 Claim. For a limit cardinal k > LS(^); 

1) M -<haa K [^] ^ provided that 

(a) if 9 < K and 6 E (LS(i?), k) then M -<i^^^g[si] N 

(b) for every d < k for some 9 E (9, k) we have: ifa^h E ^M and (M, a) =il^ 
(M, h) then (M, a) m ^) for every Oi E [9, k). 

lA) M ^[^] AT provided that 

(a) i/LS(.^) <9 < K then M =l^_,[^] N 

(b) as in part (1). 

2) In parts (1) and (lA) we can conclude 

(6)+ for every d < k for some 9 E (9, k) we have: ifd,b E ^M and (M, a) =h^ ^[ii] 
(M, b) then (M, a) ^l^.^,^] (M, b). 
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3) If ci{K) = Ko then M^N when 

(a) if9<Kand9e (LS(j^), k) then M =L^^g[n] N 

(6) as in part (1), i.e., for every d G (LS(^), n) for some 6 G (9, k) we have: if 
ae^M andbe and (M, a) =l^^,[a] {N, h) then (M, a) =L^,,jii] (iV, h) 
for every 9i G {9, k) 

(c) M, N have cardinality k. 



Proof. 1) By 1.10(3) it suffices to prove M ^Loo,« ^) for this it suffices to apply 
the criterion from 0.17(2A). 

Let ^ be the set of functions / such that: 

(a) Dom(/) C M has cardinahty < n 
{(3) Rang(/) C AT 

(7) if a hsts Dom(/) then for every 9 G {£g{a),K,) we have tp^^ (a, 0, M) = 
tPL^.«[^](/(a),0,iV). 

lA) Similarly. 

2) Similarly to part (1) using 1.10(4) and 0.17(2) instead 1.10(3),0.17(2A). 

3) RecaU 0.17(1). Dlh 

1.12 Claim. 1) Assume 1.3(a) + (h), i.e. ^ is categorical in jjL > LS(.^). // 
ji = ji'^'^ and K > LS(.^) then for every M <^ N from we have M -<l^ ^[^] N 
(and there are such M N). 

2) Assume ^ is weakly or just pseudo fx-solvable as witnessed by $ (see Definition 
1.4 and Claim 1.5) and M* = EM^(^)(;U, $). If fj. = and k > |t$| and M <^ N 
are both isomorphic to M* then M -<h^ ^[^] A^. 

Proof. 1) We prove by induction on 7 that for any formula (p{x) from Loo,k[^] of 
quantifier depth < 7 (and necessarily £g{x) < k) we have 

(*) if M <^ AT are from and a G ^3(s)m then M \= (p[a] ^ N \= (p[a]. 

If ^p{x) is atomic this is clear (for the "{x^ : i < i*} is the universe of a 
submodel", the implication holds as <^ is transitive and the implication <^ as 
A satisfies AxV of a.e.c). 

If f{x) is a Boolean combination of formulas for which the assertion was proved, 
clearly it holds for (p{x). So we are left with the case (p{x) = {3y)'il;{y, x), so 
£g{y) < K,. The implication =^ is trivial by the induction hypothesis and so suppose 
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that the other fails, say |= '(/'[fo, a] and M \= -^{3y)'i/j{y, a). We choose by induction 
on i < fx^ a, model Mi G K^, <^-increasing continuous, and for each i in addition 
we choose an isomorphism fi from M onto Mi and if z = j ' + 1 we shall choose an 
isomorphism gj from onto extending fj. For z = 0, let Mq = M, for i limit 

let M, = [j Mj. For any z, if Mi was chosen, fi exists as K is categorical in n. Now 

if i = j + 1 then Mj, fj are well defined and clearly we can choose Mi = Mj+i, gj 
as required. 

By Fodor lemma, as fx = fx^'^ and the set {d < fi~^ : cf(5) > k,} is stationary, 
clearly for some a < (3 < fx^ we have /a(a) = //^(fl), now (by the choice of 
get) we have Mq,_|_i |= •i/'[(7Q,(6), (/^(a)], hence by the induction hypothesis applied 
to the pair {M^+i, Mjs) we have Mp |= i/jlgaib), ga{d)] so M/3 |= (/^[(/^(a)]. But 
ga{d) = faio) = //3(a), contradiction to M |= -iv?[a]. 

2) The same proof but we restrict ourselves to models in K[m*] so, e.g. in (*) we 
have M,N G K[m*] recalling that A[m*] is a /U-a.e.c, see Definition 0.5(3A) and 
Claim 0.6(7). Di.ia 

1.13 Exercise : 1) For the proof (of 1.12(1)) it suffices to assume "5' C {5 < ^+ : 
cf(5) > k} is a stationary subset of /U"*" and M* G i^T^ is locally S'-weakly limit (see 
I. ^.^88r-3.1 ^^(5)). 

2) Similarly we can weaken the demands "M* = EMT-(j^) {p, $) and [K, $) is pseudo 
solvable" to: for every M isomorphic to M* (which G -ftT^) there is a <j^- 

increasing sequence (Mq, : a < fx~^) such that {S < fx~^: cf(5) > k and (M5,M5_|_i) 
is isomorphic to (M, A^) and M5 = U{Mq, : a < 6}} is a stationary subset of /U"*". 

1.14 Claim. Assume $ G T°''^[.^] satisfies the conclusion of 1.12(2) for {fx, k) and 
LS(.^) < K < fx and J, /i,/2 are linear orders and /i,/2 are n-wide, see Definition 
0.14(1). Then 

(a) Ifh ^hthen EM,(^)(/i,$) EM,(j^) (/s, $) 

(6) AssumeJCI^,JCl2;if^{x) eh^^^[M\ soig{x) < k andd e ^<^^^\EM{J,^)), 
feEM,(^)(/i,$) |=(^[a] ^EM,(^;(/2,$) |=(/p[a] 

(c) Assume a = {ai{. . . , Xa[i/), ■ ■ ■ )£<e{i) '■ i < ii*)) where i{*) < k, each ai is 
a T{^)-term, a{i,i) < a{*) < k. If t^ — {t^^ : a < a{*)) is a sequence of 
members of li for £ = 1,2 and realizes the same quantifier free type in 
Ii, I2 respectively and d^ = {ai{. . . ^a^i , . . . )j<j(i) ■ i < for £ = 1,2 

then d^,d'^ realize the same'Loo,K,[^ -type m EMt-(^)(/i, $), EMt-(^) (/2, $) 
respectively. 



Proof of 1.14. 
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Clause (a) : We prove that for (p{x) G Loo,k[-^] we have 

{*)ip{x) if h ^ h are K-wide linear orders of cardinality < and a e ^^^^^ (EM^-^^) (/, $)) 
then EM^(^)(/i, $) H ^[a] ^ EM^(^)(/2, $) h ^[a]- 

This easily suffices as for any / e the model EMt-(^)(/, is the direct limit 

of (EM(/', : /' C / has cardinality < which is < ^-increasing and //"''-directed 
and as we have: 

© ^L^,,[^] when: 

(a) / is a K-directed partial order 
(6) M={Mt:teI) 

(c) S<7t^M, ^L^_^[^]Mt 

(d) M2 = U{Mt : t e /} 

(e) e {Mt : t e /} or for some K-directed /' C / we have = 
Li{Mt : t e /'}. 

We prove {*)^p[x) by induction on </? (as in the proof of 1.12 above). The only 
non-obvious case is (f{x) — {3y)%l){y,x), so let Ii C I2 be K-wide linear orders of 
cardinality < and a e ^5(^)(EM^(^)(/i, $)). Now if EM^(^)(/i,$) ^ ip[a] then 
for some 6 e ^^(^)(EM^(^)(/i, $)) we have EM^(^)(/i,$) ^ V'l^ a] hence by the 
induction hypothesis EM^(^)(/2,$) \= ip'^.a] hence by the satisfaction definition 
EMt-(^)(/2, $) 1= "iAN; so we have proved the implication 

For the other implication assume that h e ^5(^)(EM^(^)(/2, $)) and EM^(^)(/2, $) h 
iplpjd]. Let 6* = |£5r(a'6)| + Kq, so ^ < and without loss of generality if k is 
singular then ^ > cf(K). Hence there is in Ii a monotonic sequence c = (cj : 
i < 9~^), without loss of generality it is increasing. Clearly there is /* such that 
a^l e ^f(^"^)(EM(r, $)),/* C l2,\r\ < e and a e EM(/* n /i, $)) and 

without loss of generality z < 0+ ^ [cq, Cjj/j fl /* = 0. 

Similarly without loss of generality 

(*) /i\ U {[co, Ci)i^ : i < 9~^} is K-wide or k = 9'^. 

Let Jo = -^2; we can find Ji such that Jq = I2 Q Ji and Ji\/2 = {c^a : a < x 6*"*"} 
with dot being -increasing with a and (Va; e /2)(a^ <Ji c^a = \/ x Ci). 

i<e+ 

As EMt-(-^)(/2, $) 1= and I2 = Jo ^ Ji, \ Ji\ < A* and /2 is K-wide (and 

trivially Ji is K-wide), by the induction hypothesis EMt-(^) ( Ji, $) |= '(/'[fe, a] hence 
EM^(^)(Ji,$) ^ (/?[a]. Let J2 = Ji f {^^ : 2; e Ji\Jo or a; G /i\ U {[co,q]/i : 
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i < 6^}}. So Ji I) J2, both linear orders have cardinahty /i and are K-wide as 
witnessed by {da : a < /j, x 0'^) for both hence the conclusion of 1.12 holds, i.e. 
EM(J2, ^L^^^isi] EM( Ji, $). Also /*n/i C J2 and recall that a E ^s(*)(EM(/*n 
hence a G ^^^^^ (EM( J2, $)). However, EM^(^)(Ji,$) \= (p[d], see above, 
hence by the last two sentences EMT-(si){J2, |= vH- 

So there is b* E ^^iv) (EM^(^^){J2, ^)) such that EM^(^)(J2,$) |= ij[b*,a\. Let 
J* C J2 be of cardinality 6 such that b* E ^»(^)(EM^(^)(J*, $)) and I* D h C J* 
recalhng /* fl [co,Ci)i^ = for i < 6+ . Now let it C x ^+ be such that J*\Ii = 
{da : CK e tt} so \u\ < 6'^. Let J3 = J2 t {t : t G J2 n /i or t = do; A a > sup(tt) 
or t = cZq; A a G tt}; as cf(/i x 6*"*") = 6*"*" > clearly sup(w) < /j, x 9^ hence 
IJ3I = n and J3 is K-wide. So by the conclusion of 1.12 (or by the induction 
hypothesis) also EM^-^j^) ( J3, $) |= •0[6*,a]. Let w = {a < n x : a E u or 
a > sup(w.) A (a — sup('u) < 9~^)}, so otp(w) = 9'^. 

Let J4 = (J3 n/i) U {da : a E w}, so J4 is K-wide as witnessed by /i\ U {[cq, q) : 
i < 9~^} or by {d^ : a E w} recalling (*) above and J4 C J3 and J* C J4 hence 
a, 6* C '^>(EM(J4, $)) hence by the induction hypothesis EM^(^)(J4, $) |= ■(/'[fe*, a]. 

Let J5 = J4 U {ci : z < 6'+}\{(iQ, : a G ty} equivalently J5 = (J3 fl /i) U {Cq, : 
a < 6*+} = U {[co,Ci)/i : « < 9+}) U {ci : i < 9+} so J5 C and let 
/j. : J4 — > J5 be such that /i((ia) = Cotp(wna) for o; G and = t for others, 
i.e. for t G J3 n Ii. So /j. is an isomorphism from J4 onto J5. Recalling 0.12 let 
h be the isomorphism from EM(J4, $) onto EM(J5, $) which h induces, so clearly 
h{a) = a. Hence for some b** we have b** = h{b*) E ^'?(^)(EMt-(^)( J5, $)) and 
EM^(^)(J5,$) \= ip[b*\d]. Note that by the choice of {a : i < 9+), (see (*) 
above), we know that J5 is K-wide. Also J5 C Ii so by the induction hypothesis 
applied to 'ip{y, x), J5,/i we have EMt-(^)(/i, $) \= ip\b**., d] hence by the definition 
of satisfaction EMt-(^) (Ii, $) |= (p[d], so we have finished proving the implication 
<^ hence clause (a). 

Clause (b) : Without loss of generality for some linear order / we have Ii Q I^h Q I 
and EM(/^, $) C EM(/, $) for £ = 1,2 and use clause (a) twice. 

Clause (c) : Easy by now, e.g. using a linear order I' extending Ii , I2 which has an 
automorphism h such that h{tl^) = for a < a{*). □1.14 

1.15 Definition. Fixing $ G 

1) For 9 > LS(i^) let [let K^*] [let K*'*] be the family of M E Ke isomorphic to 
some EMT-(j^-)(/, $) where / is a linear order of cardinality 9 [which is ^- wide] [which 
G Kf^'^]. More accurately we should write ^, K^*^, K^'*^; similarly below. 

2) Let K* is the class U{K^ : 9 a cardinal >' LS(A)}, similarly K*'* , K^^, K^^, 
etc. 
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3) Let n*=^l = {K*,<si\K*). 

4) Let = K*^^^ be {K^^^, K^.a)- 

1.16 Claim. 1) Kq* is categorical in 6 z/LS(^) < 9 < ji, cf{9) = and the 
conclusion of 1.12(2) hence of I.I4 holds for d = 6 (and e.g. ^ is pseudo 
solvable in jj, as witnessed by $ and ji = ji^^ . 

2) kI'\k;* c k;. 

3) Ife is strong limit > LS(i^) then = K^. 

Proof 1) By 1.14 and 0.17(1). 

2) Read the definitions. 

3) Recall 0.15(2). Dlis 

1.17 Remark. 1) We will be specially interested in 1.16 in the case (//, A) is a ^- 
candidate (see Definition V.1.3) and 9 — X. 

2) Note that Kg in general is not a ^-a.e.c. 

3) If we strengthen 1.18(2) below, replacing (/i, A) by (//, A"*") then categoricity of 

and in fact Claim 1.19(4) follows immediately from (or as in) Claim 1.16(1). 

For the rest of this section we assume that the triple (//, A, $) is a pseudo 
candidate (see Definition 1.3) and rather than /j, = /j,^ we assume just the conclusion 
of 1.12, that is: 

1.18 Hypothesis. 1) The pair (^u, A) is a pseudo .^-candidate and $ witnesses this, 
so |r$| < LS(.^) < A = Ha < // and $ e T^"" is as in Definition 1.4 so / e 

EM,(^)(/,$)eirpi. 

2) For every k E (LS(.^),A) the conclusion of 1.12(2) holds hence also of 1.14 (if 
= fi'^^ this follows from (1) even for k = A+ as /j,'^'^ = ji^ = ji hy cardinal 
arithmetic) . 

1.19 Claim. 1) If Mi <^ M2 are from K* or just K^^ and LS(J^) <9 < X then 
Ml ^L^,eW M2; moreover Ml ^i^^^^[si] M2. 

2) If Ml <^ M2 are from K* and \\Mi\\ > k := ^i,i{9) (recall that this is ^(2^)+ ) 
and ii>9> LS(.ft) then Mi -<]l^ ^^[^j M2. 

3) Assum,e LS(j^) < 9 < k = ^1,1(0) < x < /x, Xi = ^1,1 (x) ^ e K^^^ 
and a,b G '^M where 7 < 6*+ and {M^a) =l^^[j:^] {M,b), i.e. (p{{xi3 : (5 < 7)) e 
^oo,M^] ^ M h ^[a] ^ M h VW- Then {M,a) (M,6). 

4) is categorical in X provided that cf(A) = Kq- 
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1.20 Remark. 1) What is the difference between say 1.19(3) and clause (a) of 
1.14? Here there is no connection between the additional T($)-structures expanding 
Ml, Ms. 

2) Note that $ has the ft;-non-order property (see 1.5(2) (*)) when k > LS(.^), k"*" < 
/X using 1.19(4). 

3) Concerning 1.19(2), note that if ||Mi|| > it is easy to deduce this from 1.18(2), 
i.e, 1.12(2). But the whole point in this stage is to deduce something on cardinals 

< /U. 

4) Note that the proof of 1.19(2) gives: 

® assume LS(i^) < 9 and d{*) = Min{(2^) + , 5(2LS(-«) + e)} where on the 
function 5(-), see II.A. ^^^300a-1.2.3 fcfc^,II.A. ^^^300a-1.2 

if ^s{*) ^ fJ- then for some a{*) < d{*) we have: 
© if Ml <ii M2 are from K* and ||Mi|| > then Mi -<l^ M2. 

5) Similarly for 1.19(3) so we can weaken the demand M G -f^>^^ 

6) We use "A has countable cofinality, i.e. cf(A) = Kq" in the proof of part (4) of 
1.19, but not in the proof of the other parts. 

7) Recall that for notational simplicity we assume LS(.^) > |Tj^| hence 9 > |r$|. 

8) Note that for 1.19(2), (3) we can omit A from Hypothesis 1.18. 

9) Note that we shall use not only 1.19 but also its proof. 

Proof of 1.19. 1) The first phrase holds by part (2) noting that k < A if 6* < A as 
9 < X = '2.\. The second phrase holds by 1.11 as its assumption holds by parts (1) 
and (3). 

2) We prove by induction on the ordinal 7 that: 

(*) if Ml <si M2 are from K^^ and the formula (p{x) G l^oo,e+ [^] has depth < 7 
(so necessarily ig{x) < 9~^) and d e ^^(^^(Mi) then Mi |= ip[d] ^ M2 |= 
ifi[d]. 

As in 1.12, the non-trivial case is to assume (p{x) = {3y)ip(y, x) where a G ^^'■^-'(Mi) 
and M2 1= (p[d] and we shall prove Mi |= <^[a], so necessarily ig{x) + £g{y) < 9^ 
and we can choose b G ^^(^^(Ms) such that M2 |= ilj[b,d]. For £ = 1, 2 as M^ G 
there is an isomorphism fi from EMt-(j^)(/^, $) onto Mi for some linear order Ii of 
cardinality > k. 

So we can find Ji C Ii of cardinality 9 for £ = 1,2 such that a C where 
= /i(EM^(^)(Ji,$)), and d^b C where = /2(EM^(.f^)( J2, $)) and 
without loss of generality M~ = M~ n Mi. By 1.18(1), i.e. 0.9(1), clause (c) 
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clearly <^ and so by AxV of a.e.c. (see Definition III. ^^^■600-0.2 
^^^^), we have Mj~ M2 . First assume 6 > 2^^'^-^^; in fact it is not a real loss 
to assume this. By renaming without loss of generality there is a transitive set B 
(in the set theoretic sense) of cardinality < 9 such that the following objects belong 
to it: 

©(a) Ji,J2 

(b) $ (i.e. r$ and ((EM(n, $), a^)^<ri : n < u)) 

(c) ^, i.e., and {(M, A^) : M <^ N have universe included in LS(^)} 

(d) EM( j£, $) and {at : t E Ji) for £ = 1,2. 

Let X be large enough, *B = {,yif{x)j ^7 <x) ®^ ^ expanded by the indi- 
vidual constants M/ = EM(/^,$), {af : t e le) the skeleton, Mg^M^ and (aU 
for £ = 1, 2), B and x for each x E B. By the assumption ||Mi|| > k = Dij(6'), 
hence (see here II. A. ^^^^300a-1.2 ^^^^) there is € such that 

(a) C is a r(^"'")-model elementarily equivalent to OS"*" 
(that is, in first order logic) 

(6) (t omits the type {x ^ b & x E B : b e B} but 

(c) £|= "6g K*^"}! = ;u= 

Without loss of generality b E B => b'^ = b. 
Now 

®i if £ 1= "M G -ftT" , so M is just a member of the model €. then we can define 
a r^^-model M*^ = M[<1] as follows 

(a) the set of elements of M*^ is {a : C |= "a is a member of the model 
M"} 

(6) if i? G T/c is an n-place predicate then = {(a^ : £ < n) : C |= 

"(a^ a<n) E i?^^"} 

(c) if F G is an n-place function symbol, F-^^I^l is defined similarly. 



®2 (a) if € 1= "/ is a linear order" then we define similarly 

(6) similarly if C |= "M is a r($)-moder 

®3 if C 1= "/ is a directed partial order, M = {Mg : s E I) satisfies Mg E K 
has cardinality LS(j^) and s <i t ^ Ms <r Mt" then also (Mf : s G /^) 
satisfies this. 
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By easy absoluteness (for clauses (a)i, (0)2 we use 1. ^^^^88r-1.6 I. ^^^^88r- 

1.7 ^1^^ and ©3): 

M (a)i if £ 1= "M G i^" then e K 
(a)2 if £ 1= "M <^ A^" then M*^ <^ A^*^ 

(6)1 if £ 1= "/ is a linear order" then = is a linear order 
(6)2 if £ h ^ as linear orders" then /'^ C J'^ 
(c) similarly for r$ -mo dels 

{d)i if C 1= "M = EM(/, $)" then there is a canonical isomorphism ff 
from EM(/^, $) onto (hence it is also an isomorphism from 
EM^(^)(/'^, $) onto \ t{^)) 

{d)2 if 1= "/ C J as linear orders" then ff extends //. 

Now clearly jf = Ji and if is a linear order of cardinality fi extending Jg for 
£ = 1, 2. Let M; = (Mf)^ for £ = 1, 2. 

So recalling clause (c) of we have: M[,M^ G K*,M[ M^,M^ <.ft 
Mf,Ml <^ M2* and //°,//^ are isomorphisms from EM^(^) (//,$) onto M/, in 
fact, // is the identity on EMT-(j^)( J^-, $) = EMT-(j^) ( J^, $) and maps it onto 
M;for'£=l,2. 

Now M2 \= '(/'[a, 6], (why? assumed above) hence M2 \= '^[d,h] 
(why? By 1.14, clause (b) or (c) and the situation recalling 1.18(2), of course noting 
that /2, 12 are of cardinality > k = Di^i(6') hence are 6'+-wide), hence M|- |= {p\a\ 
(by definition of satisfaction), hence Mf \= {p\a\ (why? as Mf,M2 G -ftT* hence 
Mf -<L^ by M and 1.18(2) and recalhng 1.12(2)) hence Mi |= ip[n\ (why? 

by clause (b) of 1.14 recalhng 1.18(2)) as required in 1.19(2).] 
So we are done except for a small debt: the case 9 < 2'"^*^-*^) and // is an isomorphism 
from EM,(^) (//,$). 

In this case choose two sets -61,-62 such that = 6, I-B2I = 2^^^^\Bi C B2 
and concerning the demands in © above the objects from (a),(b),(d) and Tsi belong 
to -Bi, the objects from (c) belong to B2. 

Again, without loss of generality Bi , B2 are transitive sets and Bi , B2 serve as 
individual constants of as well as each member of Bi. Now concerning €. we 
demand that it is elementarily equivalent to omit {x G BiAx 7^ 6 : 6 G -Bi} and 
for some -< 5B+ of cardinality 9 we have ^ C and {6 : € h ^ e S2} C 
This influences just the proof of ©3. 

3) Without loss of generality M = EM^(^)(/, $) and / G i^>';^,. As 7 < ^+ 
and a,6 G '^M there is /i C / of cardinality 9 such that a, 6 G "'{Mi) where 
Ml = EM^(^)(/i, $). As (M, a) =L^^_^[.f^] (M, 6) necessarily there is /2 C / of 

cardinality k, and automorphism / of M2 = EMt-^^-) (/2, $) mapping a to 6 such 
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that Ii C I2. Why? RecaUing 0.17(2), by the hence and forth argument as in the 
second part of the proof of 1.10(3). 

Now as in the proof of part (2) there is a hnear order extending Ii of cardinahty 
Xi and an automorphism g of M3 = EMt-(^)(/3, $) mapping o to b. Without loss 
of generality for some linear order /4 we have / C 74 and I3 ^ I4. 

Let M4 = EM,(^)(/4,$), now M M4 by part (2), M3 -<l^^^+[^] M4 

by part (3) and {Ms, a) =l _^_[^] {Ms,b) by using the automorphism g of M3 so 
together we are done. 

4) So let M, N eKl (in fact, hence e K^* recaUing = K^* by 1.16(3) but not 
used). By parts (1),(3) the assumptions of 1.11(3) holds with A here standing for 
K there, hence its conclusion, i.e. M = N. 

□1.19 

Note: here the types below are sets of formulas. 

1.21 Definition. Assume M e I C "^M and ££,££\,££2 are languages in the 
vocabulary r^. 

1) We say that I is (=$f , 9, < re)-convergent in M, if: |I| > d and for every h e "^-*M, 
for some J C I of cardinality < d for some^ p we have: 

(*) for every c G I\J, the ^-type of c% in M is p. 

2) Let Av^,a,<«(I, M) = {(/?(x,6) : (p{x,y) is an =^-formula, £g{y) < k, and a e 
I =^ (-gio) = (-g{x) and 6 G ^9{y)]\/[ fQ]~ i)^^ < 5 of the sequences c e I, the 
sequence c satisfies </?(a;, 6) in M}. If 9 is missing, we mean d = k. In parts (1) and 
(2) we may write "k" instead of < k"'"; similarly below. 

3) We say that I is (ifi, ^^2, 5, < ^«)-based on A in M (if ^1 = =^ = ^2 we may 
write only ^) when: 

(a) ACM 

(6) I is (=Sfi, 9, < k) -convergent, 

(c) Av^^^a^<K(I, M) does not (^1,^2, < K)-split over A, see below. 

4) We say that p{x) e Sfr^ (i?,M) does not (=^1,^2, < K)-split over A when: if 
(p{x, y) e a = £g{x) < k, ig{y) < k and 6, c e ^3{y)£ realize the same J^2-type 
in M over A then ^p{x,b) E p 4^ '^{x,c) G p; recalling that SfT^{A, M) is defined 
in 0.4 and normally =Sfi = =Sf2 or at least =2i C 

5) Let Av<^(I,M) be Avl^ ,^[^] (I, M) and Av«(I,M) be Avl^^^^ [j^j (I, M). 



■^We could have demanded it for every single formula, here this distinction is not important 
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1.22 Remark. 1) See definition of Sav"(M) in 1.34(2) below. 
2) An alternative for clause (c) of 1.21(3) is: 

(c)' the set {Av^ ^ <^(/(I), M) : / an automorphism of M over A} has cardi- 
nality < ni,i(LS(i^) + e + \A\) < \\M\\. 

1.23 Claim. 1) Assume that M e i^, A C M, I C ^M, |I| > d = d{d) > k > 
6 + LS(.^) and I is (=Sf, 9, k) -convergent. Then the type p = Av_5f^a^«;(I, M) belongs 
to Sfr^(M), i.e., it is complete, recalling Definition O.4 (no demand that it is 
realized in some N, M <^ A^! ). 

2) Also I is {^,d, K,)-based on some set of cardinality < d, even on UJ, for any 
J C I 0/ cardinality > d. 

Proof. 1) By the definition. 

2) By the definitions: if 6 G '"^>M, = (f{x, y) G if and ig{b) = lg{y)Jg{x) = 9, 
then by the convergence 

(p{x, h) E p for all but < d members a of I, M |= (/?[a, h] 4^ 
for all but < d members of J, M \= (/?[a, b]. 

So only tp^(6, UJ, M) matters hence the non-splitting required in clause (c) of 
Definition 1.21(3). □1.23 

As in II. A. ^^^^300a-1.7 we deduce non-splitting over a small set from 

non-order. 

1.24 Claim. Assume M = EM^(^) (/,$), + LS(J^) < k < X and 2i^i{d) < \I\ 
where 9 = (2^ )+ or I is well ordered and d = (2'^) + . // M ^^jj^ N then for 
every a G ^-N there is B C M of cardinality < d such that tpL ^[ji]{a, N) 
does not {hao,K+[^]:^oo,K+[^])-sp^'i''t over B. 

Proof. Let x = {xi : i < £g{d)). 

We try to choose B^, 7a, da, ba, Ca, ^a{x, ya) G Loo,k+ [^] by induction on a < 9 
such that 

® (a) Ba = U{a^ : (3 < a} 
(b) ba, Ca e '''"M and 7a < 
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(c) Lfaix, Vo) e Loo,«;+ [^] such that tg{ya) = la 

(e) da e realizes {^fj{x, hp) = -^(ff3{x, cp) : (3 < a} in M 

(/) M ^ 'Va[0/3, ^a] = </^a[a/3, Ca]" for /3 < «. 

If we are stuck at a{*) < d then we cannot choose 7a, Cq,, <^q,(x, ^q,) clauses 
(b),(c),(d), because then da as required in clauses (e),(f) exists because M a[j?] 
A'". Hence B :— U{da ■ ol < «(*)} is as required. So assume that we have carried 
the induction. As ■ja < i^'^ < d = cf{d) without loss of generality 7a = 7 < for 
every a < d. 
Let di = {2")+. 

Now by 1.25(5) below when / is not well ordered and by 1.25(4) below when 
/ is well ordered (and part (1) of 1.25(1), recalling / is /^"'"-wide as k < d and 
^i,i{d) < clearly for some S C d of order type di, the sequence (oa'^^a Ca : 
a & S) is (Loo,K+ [•^l, '^'''5 '«)-convergent and (Lq^ [.ft] , < a;)-indiscernible in M 
hence without loss of generality o; & S = f- But as di > this contradicts 

(e) + (f) of ® (if we use di = , we can use a further conclusion of 1.25(1) stated 
in 1.25(2), i.e., {d^'^ba'^Ca : a G 5") is a (Loo,K;[.ft], < a; ) -indiscernible set not just a 
sequence, contradiction to (e) + (f) of ®). □1.24 

1.25 Claim. Assume M = EMt-(^) (/,$), / is K+-wide, k < X and LS{^) + 9 < 
K<d. 

1) Assume that ^ = L^^^+[i^] and d^ = {cfi{. . . ,at(^a,i,t)^ ■ ■ ■)i<ni : i < 0)^ for 
a < d so di is a r{^)-term, and cf{d) > k. Assume further that letting t^ = 
{t{a,i,£) : i < 9,£ < Ui), the sequence {ta ■ a < d) is indiscernible in I for 
quantifier free formulas (i.e. the truth values of t{ai,ii, £1) < t{a2,i2, £2) depends 
only on ii,£i,i2,£2 and the truth value of ai < a2,ai = a2,ai > a2). Then 
{da : a < d) is (=Sf, 9, K)-convergent in the model M . 

2) In part (1), even dropping the assumption cf(9) > k, moreover, the sequence 
{da : a < d) is (=Sf, k'^ , n)-convergent and (^, < ui) -indiscernible in M . 

3) In part (1) and in part (2), letting Jq = {t{0,i,£) : t{0,i,£) = t{l,i,£) and 
i <6,£ < Ui] assume Jq C. J CI^J is -wide (e.g. J = {t{a,i,£) : a < K'^^i < 
6,£ < Ui] ) and B is the universe of EMt-(^) ( J, $) and (zi, Z2 < 6,£i < n^^ , £2 < 
and [a,/3 < d ^ t{a,ii,£i) <i t(/3, i2, -^2)] ^ 3s G Jo[q!,/3 < d ^ t{a.,ii,£i) </ 
t <i t{(3, ^2,^2)] then B is a {d, K)-base of {da : ct < d}. 

4) If I is well ordered (or just is EM{<}(J, *), * G T°\ J well ordered), LS(.ft)+^ < 
K,2'^ < 9, (Vet < 9)[|ct|^ < d = cf(9)] and b^ G for a < d, then for some 
stationary S C {S < d : cf(5) > 6*+}, the sequence {ba : a E S) is as in part 
(1) hence is {k^ , k)- convergent in M. Moreover, if Sq C {S < d : cf(5) > 9~^} is 
stationary we can demand S <^ Sq. 
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5) If in (4) we omit the assumption "I is well ordered", and add d (f^i)!'^, e.g. 
d\ = (2'^)+, d = (2^*^)+ then we can find S C d, \S\ = di such that {cia : a e S) is 
as in (1). 



Remark. In fact the well order case always applies at least if 9 < 

Proof. 1) Let h G '^M, so b = (cr*(... ,as(j^e), ■ ■ ■)e<mj '■ 3 < k) where a* is a 
T($)-term, s{j,£) G / and let s = {s{j,£) : £ < mj,j < k). 

Now for each ii < 6,li < rii^ and ji < K,ki < rrij^ the sequence (t(Q;,ii,£i) : 
q; < 9) is monotonic (in /) hence there is Q;(ii,£i, ji, ki) < d such that 

(*)i if 7 G d\{a{ii,ii,ji, ki)} and (3 < a{ii,ii,ji, /ci) = 7 < a{ii,ii,ji, ki) 
then <i fci)) = (t(7,ii,£i) </ and {t{P,iiJi) >/ 

s{ji,ki)) = (t(7,ii,4) >/ s{ji,ki)). 

Let u := {o({ii,ii,ji, ki) : ii < 9 , £1 < nj^, ji < K,ki < rrij^^}, it is a subset of d of 

cardinality < 9 + k = k. 

Hence 

(*)2 if 7 G 5\'U and /?^u7 which is defined by (Va G tt)(Q; < /5 = a < 7) then 
ip^s^t-y^s realizes the same quantifier free type in / 

Now by clause (c) of 1.14 recalling / is /^^-wide we have 

(*)3 if /3, 7 G d\u and jSSu'y then aj3''h,a^''h realizes the same L(X),«+ [^]-type in 
M. 

As h was any member of '^M we have gotten 

(*)4 if 6 G ^^M, then for some M = C 9 of cardinality < k we have: 

if /3, 7 G d\u and /3^u7 then d^^'^bja^'^b realize the same Lg^ [.^]-type in 
M. 

As we are assuming cf(9) > k(> 9 + LS(^) > |t$|) we can conclude that 

(*)5 (oa : a < 9) is 9, K)-convergent in M. 
So we have proved 1.25(1). 

2) We start as in the proof of part (1). However, after (*)3 above letting for 
simplicity u'^ = {a < d: for some P & uHa we have a + k = P + k} we have 
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if /3,7 e d\u'^ and /3 < 7, -'(/3£'^+7) then we can find {11^ , , s' ,h) such 
that 

{a) I CI+ e 

iP) M+= EM,(^)(/,$) hence M^L^_^^[^]iV 

(7) s = k) : k < m,j < k) a, sequence of elements of /"*" 
(6) b' = . . , a,,(,- . . . ),<^^. :j<K)e 

{e) h^a^.y^a^ realize the same Lg^ [^] -types in M+ as h^a^^h^ap re- 
spectively 

(0 s^ip^ s'^ip form a A-system pair, i.e. are as in lEl from 1.5(2). 



[Why? 

Let = {(j, k) : k < mj and j < k and for some i < ni^,ii < 9 we have 
a{ii,£i,j,k) e (/?,7)} 

w~ := {(j, k) : j < K,k < rrij and {j, k) ^ w^}. 

We choose extending / and Sg = {si{j, k) : k < mj,j < k) for e < k such that 

(a) the set of elements of J"*" is the disjoint union of / and {se(j, k) : {j, k) E w 
and £ e (0, k)} 

(b) Sg, s realize the same quantifier-free type in /+ 

(c) if £, C < then t^+g's^ realizes in the quantifier-free type tpqf(f(3"s, 0, /) 
if £ < C and tpq(ty"s, 0, /) if £ > C 

(cZ) (f^+s'se : £ < k) is indiscernible for quantifier-free formulas on 

(e) So = s. 

This is straight. Using s' = si we are done.] 

Now as $ has the non-order property (by Claim 1.5(2) which contains a defini- 
tion, noting that the assumption of 1.5 holds by 1.18(1) and also 1.18(2)), repeating 
(*)4, (*)5 we get 

(*)7 for every b E '*-M, for some u = E [d]-'^ if /3,7 G d\u'^ then ap^b, a^^b 
realizes the same ILoo,k+ [-^j-type in M. 

In other words 

(*)§ the sequence (a^ : a < 9) is (L^q ,^+[.^], /?+)-convergent. 
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The proof that it is a (Lq^ ,^+[^], < -indiscernible set is similar. 

3) Not used; easy by 1.23(2) and convergence. [That is, note that we can find 
and a'^ = (cr^(. . . , 0^,(0,,^,^), . . . )4<ni : z < 6*) for a < 9 + 7 such that: 

(a) /+ e i^"" extend / 

(6) t'{a,i,i) e 1+ 

(c) i'^ = {t'{a,i,e) :i<e,e<ni) 

{d) {i'^ : a < d + ^) is indiscernible for quantifier-free formulas in /+ 

(e) {ta a < d)" {F^ : a e [d, d+ d)) is indiscernible for quantifier-free formulas 
in /' 

(/) for each i < 9,£ < rii such that t(0, z,£) = ij,i,t) the convex hull of 
{t'{a,i,£) : a < 9} in/+ is disjoint to / and if Si </ S2 and (si,S2)/*n/* = 
then [si, S2]i* n Jq 7^ 0. 

So we can average over (a^ : a < d) instead averaging over {aa : a < d), and this 
implies the result. In fact we can weaken the assumption.] 

4) Should be clear. [Still let = {ta,i : i < 0) he such that 

ba = {(^a,j{--- :«t„,io,c,«)'---)^<n(a,i) : j < . So as (LS(i^) + |r$|)^ <d = ci{d) 
for some stationary 5'i C {5 < d: ci{5) > 6'^} we have aeSiAj<d^ a^j = ctj 
(hence j < 9 ^ 'n{a,j) = n{j)) and aeSiAj<9Ai< n{j) =^ z(j, = i{j,tj 
and for every 11,12 < 9 we have t^^i^ <i tct^i^ = (?'i, 1-2) G W for some sequence a = 
(cTj : j < 9) of T$-terms and W C k x k and sequence {{i{j,£) : £ < n{j)) : j < 9). 

If / is well ordered, for 5 & Si let 7^ = Min{7: if z < ^ and there are 13 < 5, j < 9 
such that t^^i <i tf3j and then letting {Ps,i,js,i) be such a pair with t/Sg ^jg ^ being 
</-minimals, we have Ps^i < 7}; clearly 75 is well defined and < 5 so by Fodor 
lemma for some 7* < 9 the set 5*1 := {5 E S2 ■Js — 7*} is stationary. As |7*|^ < 9, 
for some u Q 9 and stationary 6*3 C 5*2 we have: if 5 G ^'3 then j E u {P6,ijj5,i) 
well defined and jEuAaESs^ {(^5,i, js,i) — {Pi, ji) and for each i & u the truth 
value of Hg^i = t|3^J" is the same for all 5 e ^3. 

Now apply part (1) to {ba : a G 5*3).] 

5) By (1) and the definition of 9 ^ (^i)!-^- ^1.25 

1.26 Claim. 1) If M <si N are from and k G [LS(il), A), k+ < d ^ d{d) < A 
and moreover 9 < k and a G then there is a (k+, k,)- convergent set I C of 
cardinality d such that Avk(I, M) is realized in N by a. 

2) In fact we can weaken M, N e Kl to N e K^^^ ^(g,) where, e.g. d' = ^5{k)~^ . 

3) Assume 9 < k,k e [LS(J^), A), 9' = ^^{k)^ and Mi G KZ,-^^ ^^g,y Assume 
further Mi <^ M2 = EM^(^)(/2, $), |^| = 9 and I C ^(Mi) is a ~{k+ , K)-convergent 
set (in Ml) of cardinality d' . If I2 <^fiin -^3 (or just Is is n'^-wide over I2, which 
follows as I/2I > |I| = d') and M3 = EM^(^)(J3, M3) then 
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(a) we can find d e ^{M^) realizing Ay^{M2, 1) so well defined 

(6) z/ Ml <si N e K* and d* e ^N, \^\ < 9 th§n we can find d e ^(Mg) 
realizing tpL _,_ [ji] (d*, Mi, N) and tp^ _^ [^] {d, M2, M3) is the average of 
some («"'", k) -convergent V C "(Mi) of cardinality d' . 

Remark. The exact value of d' have no influences for our purpose. 

Proof 1) Without loss of generality M = EM^(^) (/,$). Let do = d and di+i = 
n2{de)+ for £ = 0, 1 so < A and £ = 1, 2 =^ (Va < de){\a\'^+^ < de = d{di) < A) 
(if / is well ordered (which is O.K. by 1.19(4)) and (Va < 5)(|q!|'^ < d) then we can 

use di — d). 

By 1.24 there is C M of cardinality < 82 (or just < 2^"* < 82) such that 
tpL^_^+ [it] (a, M,iV) does not (Loo,k+ [^], ILoo,k+ [•^^])-split over S*. 

Now by 1.19(1) for every B C M, |i?| < 82 there is a' G realizing in M, equiv- 
alently in N (with -^^(S) = 6, of course), the type tp^ ^ [j^j (o, S, AT) = {<^(S, 5) : 

h e ^^B,^p{x,y) e Loo,«+[^] and TV h 

We can choose Jq, Sq, aa by induction on a < ^2 such that Sq, includes U{a/3 : 
/9 < ct} U S*, Sq, is the universe of EM( Jq,, $), Jq C /, | Jq,| < Jq increasing with 
a and Jq, is quite closed (e.g. is 53 q, fl / where *Bq, -<l^+ ^+ (=^(x), <x) with 
M, A^, EM(/, $), (a/3 : (3 < a),^,K,9 belonging to Q3q- and Q3q has cardinality 
< ^2 and 55 n ^2 G ^2). Then choose above, i.e. arv G M realizes the 

same Loo,k+ [-^l-type as a over Sq, = MflSa = EMt-(^) (Jq,, a) in N; such exists 
by 1.19(1). So for some set Si C 82 of order type di the sequence I = (a/3 : /? G S'l) 
is («;+, K)-convergent (by 1.25(4), (5)). 

It is enough to show that I is as required, toward contradiction assume that not. 
Then there is an appropriate formula (p{x, y) with ig{x) — 9, £g{y) = k and b G '^M 
such that N \= (p[a, b] but u := {a E Si : M \= (p[aa, b]} has cardinality < Now 
for a G as Jq, was chosen "closed enough", there is ba G '^(EMt-(^)(Jq,, $)) C '^M 
realizing tp^ ^ [^] (6, S*, M) such that (3ESir\a^M\= "(^[a^,6] = </?[a/3,6Q]" 

(possible, e.g. as iS^p^"! < {2<^^)<^' < 82). 

So, again by 1.25(4), (5), for some C of order type 8 — 80, the sequence 
{(^a^ba : a G Sq) is (L^q „.+ , /i)-convergent in M and (Lq^ ,^+, < a;)-indiscernible. 
Let a G -So be such that j^o fl al > n, possible as j^oj = 5o > kq- So the set 
{/3 e SiHa : M ^ (p[ai3,boi]} has cardinality < k, (being equal to {(3 E Si D a : 
N 1= Lp[afj,b]}) but a E So <^ Si and 15*0 fl a| > k, so for some (3 < a from 
5*0, M ^ -i(^[a/3,6Q] hence by the indiscernibility M |= -i(^[a/3, for every /3 < 7 
from ^o. 
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On the other hand if a < /? are from Sq then by the choice of ba the sequences 
b,ba reahzes the same Loo,«+ [^]-type over B^. Now tpL _^[^]{a, M, N) does not 

split over by the choice of so we have N |= = (/^[a, but by the 

choice of b we have \= fla^b] hence N \= (/^[a, 6q,] hence M \= (^[0^,60,] by the 
choice of a/3. Together this contradicts 1.5, i.e., 1.18(1). 

2) Similarly (using 1.19(2) instead of 1.19(1). 

3) Clause (a) : 

By 1.14 and the LS argument (i.e. by 0.17(4)) without loss of generality Mi e 
K'^^^. Let de = ^^(k)''" for £ < 5 so d' = and for notational simplicity assume 

Let {da '■ OL < d'} list the members of I, so for each a < d' there is l2,a ^ I2 of 
cardinality 9 such that da is from EM^-^^) (/2,q;, ^)- 

For each a < d' let = {tf : i < 9) list l2,a and so da = (cTa,c(t") ■ C <0 for 
some sequence (aaxi^) '■ C < r$-terms. We can find S C d' of order type 84 
such that C<^AaES^ aa,c = '^C ^^'^ (t" : ct £ S) is an indiscernible sequence 
(for quantifier free formulas, in /2, of course). 

By renaming C S. We define a partition (w-i, wo, tti) of ^ by 

^xo = {z < ^ : = tf for a, /3 e 5} 

Ui = {i <9 -.f^ </2 tf for q; < /3 from S} 

u_i = {i <9 </2 for a < /? from 5}. 
We define an equivalence relation e on u-i U ui 

iieis iff for some £ G {1,-1}, ^1,^2 e ti^ and {tf^ </ tfj = (tf^ </ tfj for 
every (equivalently some) a < (3 from S*. 

There is a natural set of representatives: W = {( < 9 : ( e tt_i U tti and ( = 
min(C/e)}. 

We now define a linear order its set of elements is {t : t G 12} U {t* : i e 
tt_i Utti} where, of course, t* G /2^ are pairwise distinct and ^ /2- The order is 
defined by (or see ©2 and think) 

®i si <r+ S2 iff 

(a) Si,S2 G /2 and Si S2 

(b) Si G /2, S2 = ti and Si tf for every a < large enough 

(c) Si t*, S2 G /2 and tf S2 for every a < large enough 

(d) si = t*, S2 = t* and tf </ t" for every cu < k+. 
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Let t* = tf for i e uq and any a < k+ . Let = EM^(^^^{I^ ,^). 
It is easy to check (by 1.14(a), (c)) that 

®2 (a) h Q I2 

(c) if J C /2 has cardinahty < k then for every a < large enough, 
the sequences i* , realizes the same quantifier free type 
over J inside 

Let 

(Da d:= K(r) : C < e «(M2+). 

Recall that IIM2II < A hence I/2I < A and I2 is K^-wide having cardinality > d' > 2'^. 
Note 

®4 i* realizes Avqf({f" : a e S}, I2) in the linear order 

Without loss of generality = so we can find a linear order 14 of cardinality 

A such that 12*^ C 74 A /s C 74. As is ^"'"-wide over I2 (see the assumption 
and Definition 0.14(6) + (3)), there is a convex subset I'^ of Is disjoint to I2 which 
contains a monotonic sequence (sq : a < /?"•"). Without loss of generality there 
are elements Sa (« G [k'^, X x in I4 such that {sa : a < X x k'^) is monotonic 
(in 74), and its convex hull is disjoint to l2- Let = I2U {sa : a < k'^} and 
I3 = {sa : ct < A X 

Now we use 1.14 several times. First, EM^(^)(/2, $) -<l^ [^j EMt-(^)(/2^, $) -<]l 

EM^(j^) (/4, $) as I2 1-2 — -^4 ^'^'^ K^-wide, hence by ®4 the sequence d realizes 
q := Av,({(ac(r) : C < ^) : « < /^+},M2) = Av({a« : a < k+},M2) = 

Av^(I, M2) in M2+ and also in EM^(^) (14, $). Second, as I/2I < A, /2 C C 14 
and 1/3^1 = I/4I = A, by 1.19(1) we have EM^(^)(/3±, $) ^l^,;,^^^] EM^(^)(/4,$) so 
some d' e ^(EMt-(^)(/^, $)) realizes the type q in EMt-(^) (/§^, $). Let tui C A x k+ 
be of cardinality < 9 < k such that d' belongs to EMt-(j:^)(/2 U {sa '■ ol G wi},^). 
Choose «;2 ^ A X of order type k+ including wi, so EMt-((^)(/2 U {sq, : a e 
W2}, $) -<L EM^(^)(/§^, $) and d! belongs to the former hence realizes q in 

it. But there is an isomorphism h from I2 U {sq, : a ^W2\ onto /g" over /2, hence it 
induces an isomorphism h from EM^(^-)(/2 U {Sq : a G iy2}5 *^') onto EMt-(-^-) (/g", $) 
so /i ((i') realizes g in the latter. But 1^ C /g are both K^-wide hence by 1.14 the 
sequence /i((J') realizes q in M3 = EMt-(^)(/3, $) as required. 
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Clause (b) : 

By part (2) we can find appropriate I and then apply clause (a). 01.26 

1.21 Remark. 1) In fact in 1.24, we can choose B of cardinality k, hence similarly 
in the proof of 1.26(1). 

2) Also using solvability to get well ordered / we can prove : if A C M = 
EM^(^)(A, $) and \A\ < A then the set of Loo ,^+ [.ft] -types realized in M over 
A is < (|A| + 2)'^. 

1.28 Claim. 1) If M e K^^ and LS(J^) < 6 and d = Hi, 1(6*) < 1^ < \, then for 
a,b ^ ^ M the following are equivalent: (the difference is using d or k) 

(a) a, h realize the same 'Loo,d[^-type in M 

(b) a, b realize the same Loo,K[-^]-^?/7'e in M. 

2) For M,9,d,K, as above, the number 0/ Loo,a[.ft]-^ypes of a E where M = 
EM,(^)(/,$),|/|>az5<2^. 

Remark. Part (1) improves 1.19(3). 

Proof. 1) Clearly (b) =^ (a), so assume clause (a) holds. As M e without 
loss of generality there is a K-wide linear order / such that M = EMt-(^) (/, $); 
hence for some J C /, | J| = ^ we have a^b G ^(EM^-j-j^) ( J, $)). So for every a < 
(2^) + , by the hence and forth argument for n+ t-^] ^^^^^ Jaifoi such that 
J Q Ja Q lAJa.\ — "^a and f^ is an automorphism of EM^(^)(Jq,, $) which maps 
a to b. Hence as in the proof of 1.19 there is a linear order J+ of cardinality ji 
extending J and an automorphism / of M+ = EM^(_^)(7+, M) mapping a to b. 
By clause (b) of Claim 1.14 we are done. 

2) Easy by clause (c) of 1.14, i.e., by 1.18. □1.28 

1.29 Claim. Assume: 

(a) Ii C /2,/i 7^ I2, moreover Ii <j^mn I2, see Definition 0.14(6) 

(b) M, = EM,(^)(/^,$) /or £=1,2 

(c) b,ce''{M2) 

(d) 9 > |a| +LS(i^) 

(e) K = ^1,1 (6*2) < A where Oi = 2^ 62 = (2^^)+ 
(/) \h\>K 

{g) Ml <^ M2, follows from (a) + (b) 
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1) Assume that for every a e '^^{Mi) the sequences a^h,a^c realize the same 
^oo,K[^-'typ^ inM2- Then there arela, M3 and f such thatl2 <Kf"" I3 ^ -^a'"' -^3 ~ 
EMt-(^)(/3, $) and f an automorphism of over Mi m,apping b to c. 

2) Assume that for every a G '^^(Mi) the sequences a^b^a'^b realize the same 
'Loo,K[^]-tyP^ m M2 (as in part (a)) and < and d < X. Then for 
every a e '^^(Mi), the sequences a^b,d^c realize the same Loo,a[^]-^2/pe in M2. 

3) Assume that cf(A) = ond = A and recall A = Ha > LS(^). If Mi <^ 
M| e then for some I3, a linear order <j^mz,- extending I2 the model M2 can 
be < ^-embedded into M3 := EM^(^)(/3, over Mi. 

Remark. 1) Under mild assumptions with somewhat more work in 1.29(1), (3) we 
can choose 1^ = I2 (but for this has to be more careful with the linear orders). 
Recall that for / G K^"- like I2 in 1.8(c) we have a < ^ I x a can be embedded 
into / and 1.4(l)(d). 

Proof. 1) There is J2 C I2 of cardinality < 9 such that 6, c G "(EM^(^)(J2, $)); let 
Ji =/in J2. 

We define a two-place relation S on /2\J2 : sSt iff (Va; G J2){x </2 s = x t). 
Clearly S is an equivalence relation. As Ii <|^fiin I2 clearly 

01 (a) any interval of Ii has cardinality > k 

(/?) for every t G /2\«^2 the equivalence class t/S" is a singleton or has 
I/2I > « members, 

(7) for every t G {t/(S) fl /i is a singleton or has > k members 

(5) /i\J2 has at least k elements 

(e) S' has < 2l'^2| < 2^ equivalence classes 

(C) we may <xfiin -increase 72 so without loss of generality 

(*)l tel2\J2^\t/<g\ = \l2\ 

(*)2 for every t G Ii for some si, S2 £ I2 we have si t <i2 S2 
and (si,t72); itjS2)i2 ^ire disjoint to Ii. 

Let {'^i : i < i{*)) list the equivalence classes of (o, so without loss of generality 
i{*) < 2^. For i = Q,l let = {z < z(*) : H Ii has exactly £ members} and 
let U2 = i{*)\uo\ui, so by clause ©1(7), i.e. the definition of Ii G K^^"- we have 
i E U2 ^ n /i| = > K. For i G Wi let t* be the unique member of fl Ii. 

Without loss of generality Wi = {i : i G [jo'ii)} some < Ji < «(*) and let 
^'(*) = ^(*) + (ii ~io) ""'i = [^(*);'^'(*)) and define for i < i'(*) by 
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02 (a) = '^iifieuoUu2 

(6) 'J^/ = {te^^i:t<t*}iiieui and 

(c) ^/ = {t e : </, if i e e (jo*,ii*) and 



For z < let (t^^a : a < be a sequence of pairwise distinct members of 
such that i E U2 ^ U^ot ^ Ii and i G uq =^ ti,a ^ -^i: this actuaUy follows. By 0i(C) 
and 01 (7) we can find such U^a^- 

For ( < 62 (see clause (e) of the assumption so < n) let Ji,^ = {U^a '■ i £ 
^2 5 ct < } "^1 {^i '■ ^ ^ '^i}- Now by the hence and forth argument (or see 
0.17(2)) for each C, < 62, there are J2,c^ and such that J2,(^ C /2 is of cardinality 
D^, it includes Ji^^ U J2 and also {tj^o, : i < and a < D^} and is an 

automorphism of EM^(_f|)(J2,^, $) over EM^(-_(|)(Ji^^, $) mapping b to c. 

(Why? Let ao list EM(Ji^^,$) so ao"6, ao^c realize the same -[+[.^]-type in 

M2, and / be the mapping taking ao'^b to ao"c, etc.) 

Now we shall immitate the proof of 1.19. By renaming without loss of generality there 
is a transitive set B (in the set theoretic sense) of cardinality < 9i = 2^ which in- 
cludes 

e(a) Ji,J2 

(b) $ (i.e. T$ and ((EM(n, $), a£)^<n : n < a;)) 

(c) ^, i.e., and {(M, N) : M <^ N have universe included in LS(.^)} 

(d) {t* : i E ui) so each t* for z e tti 

(e) the ordinal 

Let X be large enough, let 03 = (<^(x), e, <*) and let 23^ be 03 expanded by 



(e) for i < ■i'(*), i?j is the function mapping a <'3(^ to U^a 

(/) individual constants for B and for each x E B, 
hence, e.g. for t*{i G wi), Ji, J2,t for t e J2 

(^r) individual constants Ji,*, </2,* interpreted as the linear orders J2,c 
respectively and individual constants for = EM( Jq,^, $), and 
{at : t E le) ior £^1,2. 



®i (a) 



Q®^ = {a : a < 

= J2,^ n for i < 
F^^{t) = at for t E h 



(b) 
(c) 
id) 
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As in the proof of 1.19 there is a t(®+) -model €, such that 

lEl (a) for some unbounded S C 02 

(a) C is a first order elementarily equivalent to for every C G "S" 

€ omits every type omitted by for every ( E S. 
In particular this gives 

(7) € omits the type {x ^ b A x E B : b E B} so 

(5) without loss of generality b E B =^b^ = b 

(b) C is the Skolem hull of some infinite indiscernible sequence 

{Ur : r E I), where / an infinite linear order and E Q'^ for r E I. 

Without loss of generality / G K^^^ and I2 can be <^fiin -embedded into / say by 
the function g such that (Vt E /2)(3si,S2 E I)[si <i g{t) <i S2 A (Vt' E l2){t' 
t g{t') <i si) A {W E l2){t t' S2 <i g{t'))]; and also = Hence 
for each i < there is an embedding hi of the linear order i.e., I2 \ into 
(Pr^, (</2)'^) such that tE'^/^itEh^ hi{t) E Qf). 
[Why? Case : i E uq. 

Trivial. 
Case 1 : i E Ui U u[. 

Similar to Case as fl /i = 0, of course, we take care that a = hi{t) At E 
Ai Eui ^ C\= "a </2 t*" and similarly for u-i. 
Case 2 : i E U2. 

First approximation is h[ = {Hf o {g \ '^)), so t E '^i ^ h^{t) E Qf. However 
by the choice of g we can find {{s^ , s^) : t E ^i) such that: 

(a) St,st E Qf 

(/?) {s^,st)r.r^Q^ = {K{t)}■ 

As I2 is dense with no extremal members (being from K^^^) clearly ti f^,' t2 =^ 
<(/2)^ -'^^^ choose hi by: hi{t) is h'^{t) iit E Ii and is if t e Ii\l2-] 
Hence there is an embedding h of the linear order I2 into Jf^ such that: 

®2 h{t) is: 

(a) tiit E J2D{t*i -A Eui} 

(b) hi(t) if t E%' and i <i'(*). 

Note 

®3 for every t E I2\J2 for some i < < 9i we have (Vs E J2)[s <i2 t = s 
hi{ti,o)] 
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hence by the omitting type demand in KI(a)(/9): 

®3 for t e 12X^2 for some i < we have (Vs e J2)[s </«: t = s <je (/ij(tj^o))]- 

We can find a linear order /3,/2 C 73 and an isomorphism h^, from /a onto 
Q2 extending so clearly I3, G JC^'" and without loss of generality /?, (12) Kj^mn 
/s. Now let be the isomorphism which induces from EMt-(^) (/s, $) onto 
(EMt-(j^) ( JI"^, $))'^, so e.g., it maps for each t e I2, the member at of the skeleton 
to Fi{h,{t)). 

Note that /i* maps fl /i into Qf C /f when C /i and is the identity on 
JiU{t* : i e Ui} so recalhng = Ji,^ = {ti,a i & U2 and a < n^}U JiU{t* : i G 
Wi} hence it map Ii into Qf but |= "i/ is a unary function, an automorphism 
of EMt-(^) (J|^^, $) mapping 6 to c and is the identity on EMt-(-^)(J;^^, $)". Now 

{h^)~^ H'^iji^) is an automorphism of EMt-(^)(/3, $) as required. 

2) By part (1), i.e. choose Is.,M^,fs as there; so as / is an automorphism of M3 
over Ml mapping b to c, clearly b, c realize the same Loo,a[^]-type over Mi inside 
M3. The desired result (the type inside M2 rather than inside M3) follows because 

Ml ^L^M^] M2 ^L^MA] M3 by 1.14(a). 

3) Let Ml = y M2*„ be such that n< uj ^ M^^ <^ ^2*n+i and ||M2%|| < A. 

Let Cn list M|^ for n < a; (with no repetitions) and be such that c„ < c„+i. 
Let 9n = ||M| .„|| + LS(.^) so without loss of generality = ig{cn) and let 9'^ = 
^3{9n),Kn = ^1^1(6*^), without loss of generality K„ < O^+i and we choose for each 
n < uj, a. sequence bn G ^^(''")(M2) realizing tp^ r^i(cn,Mi,M|) in M2. This is 

possible by 1.26(3) after possibly <^fiin -increasing I2. 

Now we choose {Is^n, fm M^^n, ^n) by induction on n such that 

(*) (a) /3,o = h and h,n e i^f 

(6) n = m + 1 ^ /3,m <Kfiin /3,n 

(c) M3,n = EM^(^) (/3,n, $) (hence n = m + 1 ^ M3,,„ Mg.n) 

((i) /n is an automorphism of M^^n over Mi 

(e) 6; G ^^("br.) (M3,n) realizes tpL + [^] (c„. Mi, M|) 

(/) if n = m + 1 then b'^ < b'^ 

(fir) if n = m + 1 then /„ maps 6^+1 t ^gibn) to 6^ and /o maps 60 to 6q. 

For n = 0,13,0,^/3^0 are defined in clauses (a),(c) of (*) and we let fo — idu^ = 
idM3,„, ^0 — ^0 this is trivially as required. For n = m + 1 we apply part (1) with 

□ /l, Is^rn, Ml, Ms,m, K+l \ ^9{c^), b'^, Ofn-: K-m hcrC 

standing for Ii, I2, Mi, M2, b, c, 9, k there. 
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Why its assumptions holds? The main point is to check that for every a e "^"^^ (Mi) 
the sequences a"(6„+i \ dm)iO,^b'rn reahze the same Loo,k^ [-^j-type in M^^rn- Now 
a^ipm+i \ dm)^ci ^'^ reahze the same Lqq [^]-type in Ms ^^ by the induction 
hypothesis. Also the sequences hn+i \ Om,bm+i \ Om satisfy for any a E '^"^{Mi) 
the sequences d'^ibn+i \ 6*^), «"(^>m+i \ dm) realize the same Lqck^ [.^]-type in 
M3 „j because the ILoo,k^ [-^j-type which a^{bn+i \ 9m) realizes in M^^rn is the same 
as the Loo,K;^[^]-type it realizes in M2 = M^^q which (by the choice of bn+i) is 
equal to the Loo,k^ [-^j-type which a"(c„+i \ 9m) realizes in M| which is the same 
as the Loo [.^] -type which a'^{cm+i \ 9m) realizes in M| which is equal to the 
Loo, -type which a^{hm+i \ 9m) realizes in M^^m- 

By the last two sentences for every a e '^"^^{Mi) the sequences a"(6„_|_i \ 
9m),ci''bm realizes the same Loo,K;^[^]-type in Mz,mi so indeed the assumptions 
of part (1) holds for the case we are trying to apply it, see □ above. 

So we get the conclusion of part (1), i.e. we get /3,n, fn here standing for /s, / 
there so I^^m <Kf^^ ^3,n and fn is an automorphism of M^^n = EMt-(^)(/3^„, $) 
over Ml mapping bn+i \ 9m to b'm- Now we let b'^ — fn(bn+i \ 9n) and can check 
all the clauses in (*). Hence we have carried the induction. So we can satisfy (*). 

So b'n satisfies the requirements on bfi and ^n^^n+i* Let — ^{l3,n '• 1^ ^ and 
let Ms = EMt-(^)(/3, $) and let g : M^ M3 map c^a to 6^ ^ for i < ig{cn), n < uj, 
easily it is as required. That is, g{cn,i) is well defined as c^^i ^ 6^^, {i < £g{cn)) 
is a well defined mapping for each n and i < £g{cn) =^ Cn,i = Cn+i,i A 6^ j = 
b'n+i,i- ^iso g \ {cn,i i < £g{cn)} is a <^-embedding of M|^^ into M3 and is the 
identity on M|^ fl Mi as c„ list the elements of M2 i and tpL , r^i(cn, Mi, M|) = 

tPL +\A]{bni M^) by clause (e) of (*). But {g \ M|^ : n < is C-increasing 

with union g so by Ax(V) of a.e.c. ^ is a <i?-embedding of Ml into M3. Lastly, 
obviously g D U{idM|^nMi : n < a;} = idMj, so we are done. ni.29 

We arrive to the crucial advance: 

1.30 The Amalgamation Theorem. //cf(A) = then i.e., (K^, Kl) 
has amalgamation, even disjoint one. 

Proof. So assume Mq Mi for £ = 1,2. Choose Iq G Kf" so M^ := 

EM^(^)(/o, $) e Kl but K^is categorical (see 1.16 or 1.19(4)) hence M^ ^ Mq, so 
without loss of generality Mq = Mq. Choose Ii e such that Iq <xflin Ii and let 
M[ = EM^(_^)(/i,$) so Mo <si M[. By applying 1.29(3) with Iq, h, Mq, M[, Mi 
here standing for /i, /2, Mi, M2, M| there, we can find a pair {I2, fi) such that 
Ii <^fiin I2 and fi is a <j^-embedding of Mi into M2 := EMt-(^)(/2, $) over Mq. 
Apply 1.29(3) again with /q, Mq, EM^(j^) {h, $), M2 here standing for h, h, Mi, M2, Ml 
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there. So there is a pair {I^, /2) such that I2 Kx^^in Is and /2 is <^-embedding M2 
into Ms := EM^(^)(/3, over Mq = EM^(j^)(/o, $). Of course, M3 e and we 
are done proving the "has amalgamation" . 

Why disjoint? Let {I4, h) be such that Is <Kf"" -^4 ^^'^ h is a, <xflin -embedding 

of Is into I4 over /q such that h{Is) (1 Is = Iq- Now h induces an isomorphism h 
from EM,(^)(/3,$) onto EM,(^)(/i(/3), $) <^ M3. 

Lastly, by our assumptions on $ if Ji , J2 C J and Ii fl /2 is a dense linear 
order (in particular with neither first nor last member, e.g. are from ^ as 
in our case) then EM^(^)(/i, n EM^(^)(/2, ^) = EMr{M){h C) h,^). So in 
particular, above EM^(j:^)(/3, $) fl EM^(^)(/i(/3, $) = EM^(^)(/o,$) and fi,h o 
/2 are <^-embeddings of Mi,M2 respectively over Mq = EMt-(^)(/o, $) into 
EM,(^)(/3, $) <^ EM,(^)(/4, $) and EM,^^){h{Is), $) <^ EM,(^)(/4, respec- 
tively, so we are done. ni.30 

1.31 Claim. Assume cf(A) = i^o- If ^ < ^'^ , the sequence {Mi : i < 5) is 
increasing continuous and Mj e for i < 5, then Ms := U{Mj : i < 6} can be 
< ^-embedded into some member of K^. 



Proof. We choose Ii G i^f'" by induction on z < (5, which is <^fiin -increasing 
continuous with i and a <^-embedding fi of Mj into A^^ := EMt-(^) (J^, $), increasing 
continuous with i. For z = choose Iq e -f^f^"' -^0 := EM^(^)(/o, M) is 
isomorphic to Mq hence /o exists; for i limit use := U{/j : j < i} and /j := 
: J < 0- So assume i = j + 1. Now we can find M/, // satisfying: // is an 
isomorphism from Mi onto M[ extending fj such that fj{Mj) (actually 
this trivially follows) and fl Nj = fj{Mj); so also M/ belongs to K^. Now 
/j(Mj), EM^(^)(/j, ^>), can be disjointly amalgamated (by 1.30) in {K^, <^), so 
there is M* e such that iV^ = EM^(^)(/j,$) <^ M* and M/ <^ M*. Now 
by 1.29(3) there are Ii,gi such that Ij Kj^iun Ii and gi is a <j:^-embedding of M* 
into A^i := EMT-('^)(/i, $) over EMT-(/j, $). Let fi = giO clearly it is as required. 

Having carried the induction, fg is a <i^-embedding of Ms into EM^(j^)((^ Ij, $), 

j<s 

as promised. Dlsi 

1.32 Claim. 1) Assume cf(A) = Kq- -F'o?" eweri/ Mq G -ftr^ t/iere zs a <si-extension 
Ml G o/Mo such that: if Mq M2 G Kl and a G ^>(M2) t/ien /or some 
(M3, /) we have: 

Ml Ms G K^, f is a <^-embedding of M2 into Ms over Mq and 
/(a)G^>(M2). 
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2) Assume cf(A) = b^o- For every Mq G there is a < ^-extension Mi e K"^ which 
is universal over Mq for -extensions. 

3) If (a) then (b) where 

(a) h <Kfiii 1 1 <Kf^ h 

(b) if lo C /2 G Kf" and P < 'y < X,bi e ^(EM^(^)(/(, $)) and C2 G 
'''(EMt-(^)(/2, $)) and 62 = C2 \ (3 and for every n < \ we have 

tPL^..[^] (^1, EM,(^) (Jo, *)),EM,(^) (Ii, $)) = 

= tpL^,,[^](62,EM^(^)(/o, $), EM^(^)(/2, $)) 

then for some (/^, /) we have Ii </^fiin G K^^^ and, f is a <^-emhedding 
0/ EMt-(^)(/2, $) into EM^(^)(/i^, $) over EM^(^)(/o, $) mapping 62 to ^1 
and C2 into EM^(^)(/i, $). 

-i^J Assume cf(A) = i^o- -(f i/ien ('dj and moreover (d)'^ when 

(c) {Jet : a < u)) is <j^mn -increasing, Iq = Jo, Ii = Jcj 

(d) if Iq C /2 g -ft^f'" t/ien some f is a <^-embedding 0/ EM^(-_(^)(/2, $) into 
EM,(^)(/i,$) ot;erEM^(^)(/o,$) 

(ci)+ EMt-(j:^)(/i, $) is <^»-?im?;ersa/ over EMt-(j:^) (Jo, $). 

Proof Note that by 1.29(3) clearly (3) (1) and (4) =^ (2). So we shall prove (3) 
and (4). 

3) First assume /3 = 0, 7 = 1 so C2 = (c). Toward contradiction assume /q ^ /2 G 
K^^'^,a G M2 :— EM^(^)(/2,$) but there is no pair {I^,f) as required in clause 
(b). Without loss of generality for some Is we have Iq <i<:fiin h <Kfiin h and 
-^0 <i<rfl'" Ii ^Kfli-i -^3- 

Let EM(/25^) 1= "c2 = cr(«t2, • • • , ^)" where cr(a;o, . . . , a^n-i) a r^-term, 
n < uj and /2 h "^o < • • • < *n-i"- Let tt = < n : G Iq}- As Iq <i<:fiin Ii, we 
can find (tg, . . . , t^^) such that: 

® (a) G /i for £ < n 

(6) tl <i,... <i, 

(c) if £ G w then = t^(G /o) 

(d) iH<nA£^u then G /i\/o 

(e) if £1 < £2 < n and £2] n « = then < t}^ . 
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Let Me = EM^(^)(/^,$) for i = 0, 1, 2, 3 and let C2 = candci = (j'^^(-^i'"^)(ati, . . . , a^i _ J. 

Let ft < A be large enough such that tp^ + [si] (q, Mq, Mi) for £ = 1, 2 be distinct 
(exists by 1.29(1) because its conclusion fails by the "toward contradiction"). We 
easily get contradiction to the non-order property (see (*) of 1.5(2)). 

Note that if in addition (/i q, : a < A) is <^fiin -increasing continuous, Ii^ = 

I[, Ii^x = Ii then by what we have just proved and the proof of III. ^^^^600-4a.2 
^^^^ we can prove the general case (and part (4)). But we also give a direct proof. 

In the general case, let 9 — so we assume clause (a) and the assumptions 

of clause (b) and without loss of generality IiH I2 = Iq hence there is Is such that 
Ii <^fiin Is for £ = 1,2. Let k G (6*, A) be large enough. 

Hence EM,(^)(/o,$) EM,(^)(/,,$) EM,_(^)(/3, $) for i = 

1,2. Applying 1.29(1) with /i,/2,6, c there standing for /q, 13,61,62 here we can 
find a pair {I4, such that I3 <K^in I4 and /4 is an automorphism of M4 := 

EM^(^)(/4, $) over EM^(^)(/o, $) mapping 62 to 61. 

Clearly M3 := EM,(^)(/3,$) EM,(^)(/4, $). So /4(c2)_ G ^(M4), hence 

we can apply clause (b) of Claim 1.26(3) with Mi, M2, 12, N,$^,d* there standing 
for EM,(^)(/{,$), EM,(^)(/i,$),/i, 

EMt-(^)(/4, $), 7, /4(c2) here. Hence we can find C2 G '''(Mi) realizing in Mi the 
typetpL^^[^](/4(c2), EM,(^)(/(,$), EM,(.^)_(/i,$)). 

Lastly, applying Claim 1.29(1) with /i, I2, 6, c there standing for /{, I4, /4(c2), 
here, clearly there is a pair (/s, /s) such that I4 <i^nin I5 and /s is an automorphism 
of EM^(^)(/5, $) over EM(/(, $) mapping to /4(c2) to €3. 

Let/+:=/5,/ = /^o/>here/^ = /5 r EM,(^) (/4, $)), = A f EM,(^) (/2, $); 
now I^, f are as required because /4(62) = 61 while fsibi) = 61. 
4) Easy by part (3). First note that (d)""" follows by (d) by 1.29(3), so we shall 
ignore clause (d)+. Let EMT-(j^)(/2, $) be U{M2,n ■ n < uj} where M2,n ^ -^<a and 

n<U ^ M2,n <n M2,n+1- 

Let (in list the elements of M2^n with no repetitions such that a^<ia^_|_i for n < ui. 
By induction on n, we choose 6^ such that 

® (a) 6^G^«(«")(EM,(^)(J^+i,$) 
(6) if n = m + 1 then 6^ < 6„ 

(c) for every K < A the type tp]L^^[^] (6„, EM^(^) (/o, $), EM^(^)(/^+i, $))) 
is equal to the type tpL^_^[.ft] (a„, EM^(^) (/o, $), EM^(^) (/2, $)). 

The induction step is by part (3). Let be the unique function mapping to 
hn (with domain Rang(aTj,)). So C Z^+i and fn is a <j^-embedding of M2,n 
into EM^(.f^)(Jn+i,$) but J^+i C Ii hence into EM^(.f^) (/i, $). So / := U{/n : 
n < is a <i^-embedding of EMt-(j^)(/2, $) into EMt-(j^) (/i, $). Also is the 
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identity on Rang(ar^) fl EMt-(^) (/q, $) hence / is the identity on (^(Rang(an) H 

n 

EM^(^)(/o, $) = EM^(j^)(/o, $) so / is as required. Di.as 

1.33 Exercise : 1) Assume ^\ = {Kx,<si^) satisfies axioms I, II (and 0, presented 
below) and amalgmation. Then tp(a, M, A^) for M N and a G A and ^six i^) 
are well defined and has the basic properties of types from III§1. 

2) If in addition satisfies AxIII® below and is stable (i.e. |^^^(M)| < A 
for M G Kx) then every M E Rx has a <j^-universal extension A which means 
M <s^^ A and (VA')(M <ii^ N' ^ {3f)[f is a <^;, -embedding of A' into A over 
M]). 

3) AxIII (see III. ^^^600-0.2 ^^^) imphes AxIII® 
where: 

AxO: K is a class of r^-models, <si a two place relation of Kx, both preserved 
under isomorphisms 

Axl: if M <si^ A then MCA (are r(.^A)-models of cardinahty A 
Axil: <ji^ is a partial order (so M <si^ M for M E Kx) 

AxIII®: In following game the COM player has a winning strategy. A play last A 
moves, they construct a <j^^ -increasing continuous sequence (Mq, : a < A). In the 
ct-th move Mq, is chosen, by INC if a is even by COM is a is odd. Now Com wins 
as long as INC has legal moves. 

AxIV®: For each M G Kx, in the following game, INC has no winning strategy: 
a play lasts A + 1 moves, in the ct-th move fa, Ma, Na are chosen such that 
is a <j^-embedding of into Aq,, both are -increasing continuous, fa is C- 
increasing continuous, Mq = M and in the a-th move. Ma is chosen by INC, and 
the pair is chosen by the player INC if a is even and by the player COM if a is odd. 
The player COM wins if INC has always a legal move (the player COM always has: 
he can choose Aq, = Ma) 

1.34 Definition. 1) Let <^=<^* be the following two-place relation on K"^ (so 
M <;^, A mean M = A G .^^ or M A): 

Ml <\ M2 iff Ml <si^ M2 are from K^ and M2 is <j^^ -universal over 
Ml. 

2) For a < A,K = ni,i(|a| + LS(i^)) and M E K^ let Sav'^^'"(M) be the set of 
{Av«(I,M) : I is a ((2*^) + , k) -convergent subset of "M}. We define tp*(a,M, A) 
when M <^ A are from K^ and a E "A, as tpL^^[^] (a, M, A) G Sav^"'"(M) 
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naturally. 

3) Let = {Kl,<si\ i^^,<^*). see 1.35 below but if iKl,<ii\ Kl) is a A-a.e.c. 
then we omit . 

1.35 Remark. 1) Note that the relation <^=<^^ seemingly depends on the choice 
of However, assuming (U-solvability, by 1.37(2) below it does not depend. 

2) The proof of 1.37 is like III. ^^^600-0.22 fc^^(3). 

3) So A\ is a semi-A-a.e.c. (see Chapter N) but we do not use this notion here. 

1.36 Claim. Assume cf(A) = Kq- 

OjIfMe Kl then for some N, M N{e Kl). 

1) If M <^ N are from Kl^a < A and a G "N\"M then a realizes some p G 
Sav'^^'«(M). 

2) If Mo <si Ml M2 <^ Ms and Mg G Kl for i < 4, then Mq M3. 

Proof. 0) As Kl is categorical (by 1.16(1)) this follows by 1.32(2). 

1) A proof of this is included in the proof of 1.29(2), i.e. by 1.26(1). 

2) Easy recalling amalgamation. Di.se 

1.37 Claim. Assume cf(A) = Kq. 

1) Assume {Mi : i < S) is <si^ -increasing continuous, M2i+i M2i+2 for i < S 
thenMsEKl. 

2) Assume that {Mf : i < d) is an <si*^ -increasing continuous sequence such that 
Mii+i <\*^ -^2i+2 /'^'^ i < 5 all for i = 1, 2. Any isomorphism f from Mq onto Mq 
(or just a < Si ^-embedding) can he extended to an isomorphism from Mj onto M|. 

Proof. 1) We prove this by induction on 5, hence without loss of generality i < 5 ^ 
M, G Kl. 

Let = Mq, for a < 5 and let (/q, : a < 5) be <^fiin-increasing. Let 
Ml = EM,^(^)(/^,$). Now there is an isomorphism / from Mq onto Mq as 
Kl is categorical, so by part (2) there is an isomorphism g from onto M^, but 
Ml G Kl so we are done. 
2) Note 

KI2 without loss of generality 
□ Mf<lMf^,. 
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[Why? We can find {Mf : i < 6) which is -increasing continuous and Mq = Mq 

and Mf <^ -^i^+i- Now apply the restricted version (i.e., with the assumption □) 
twice.] 

By induction on i < 5 we choose Nl, Nf) such that 

® (a) iV/, belongs to K{ 

(b) fi is an isomorphism from Nl onto Nf 

(c) A^/, Nf, fi are increasing continuous with i 

(d) for i = 0,Nl = MlJi = f and Nf is /(M/) = Mf 

(e) if z > is a limit ordinal then Nf = Mf and Nf = Mf 
(/) when i = coa + 2n < S we have 

(a) N^a+2n+l = ^^a+2n+l 

W) ^^a+2n+l ^ia+2n+l 

(7) N^a+2n+2 <^ -^cia+2n+2 

(<^) ^^a+2n+2 = -^wa+2n+2- 



Case 1 : For i = this is trivial by clause (d) and the assumption of the claim on /. 

Case 2 : i = uja + 2n+l. 

Note that N^a+2n = ^L+2n- (Why? If z = (i.e. a = = n) by ®{d) and if 
i is a limit ordinal (i.e. o: > A n = 0) by clause (e) of ® and if n > by clause 

((/)(5) of ®). 

Now we let N^ = N^cc+2n+i '■— -^tia+2n+i heuce satisfying clause (/)(«) 

of ®. So iV^i = iV^,+2„ <^ Mi,+2„ <^ M^„+2n+l = Ka+2n+l = ; ^nd 

note that A^f_i = -/V(^Q+2n <a M^a-i-2n by 1^ above hence we can apply Definition 
1.34(1) and find an extension fi of fi-i to <^-embedding of Nf = M^^_^_2n+i into 
ML+2n+i and let Nf := /.(AT/). 

Case 3 : i = Lva + 2n + 2. 

!No1jC -^^(jjq/^ 

+2n+i — ^woi+2n+i clause (/)(«) of ® heuce by the assumption 

of the claim N^^+^u+i <%i a+2n+2- We choOSe Nf,^^2n+2 '■— ^^a+2n+2 heUCe 
Nf_, = iV2^+2n+l Mf,a+2n+l <M ^L+2n+2 = ^^L+2n+2 = ^f. NoW WC 

apply Definition 1.34(1) to find a <i^-embedding gfj of Nfj^_^2n+2 i^^o M^^_^2n+2 
extending 

Lastly, let fi = g'^ and Nf = Mf \ Dom(/i). So we can carry the induction 
hence prove the claim. ni.37 

Note that now we use more than in Hypothesis 1.18. 



48 



SAHARON SHELAH 



1.38 Claim. Assume 

Kl (a) (A„ : n < a;) is increasing, X = X^j = A„ satisfying 

n<u> 

Xn = > LS(^) and cf(An) = 'i^o for n< uj 

(6) $ e T^'' and for it each Xn and X = X^, is as in Hypothesis 1.18 
or just satisfies all its conclusions so far. 

1) is closed under unions <si-increasing chains (of length < X'^). 

2) IfMn e Kl^,Mn <A Mn+i and M = |J then M e K*. 

n<ui 

3) If M eKx ande < X^ M =l<^ EM^(^)(A, then M e K^. 

4) is categorical. 



Proof of 1.38. 1) We rely on part (2) which is proven below. 

So let {Mi : i < 5) he <^- increasing in JC^ with 5 < X'^ . Without loss of 
generality 5 — ci{5) hence 5 < A so call it 6 and wc prove this by induction on 9, so 
without loss of generality (Mj : i < ^) is <^-increasing continuous such that Mj e 

Kl for i < e, and let Mq = [j Mi. By renaming without loss of generality^ < Aq. 

i<e 

Let In, In such, that: 

©1 (a) In is a linear order of cardinality A^ from i^^'" 
(6) is a linear order of cardinality 2'*'" from X^'" 

(c) is A+-saturated (which means that its cofinality is > A^, the 
cofinality of its inverse is > A^ and if \= "Sq.^ < < t/^j < t^^" 
where ai < (3i < "fi, ai < P2 < 72 and |7i| + I72I < A+ then for 
some r we have |= "Sq^ < r < t^j" for cti < 71, 0:2 < 72) 

(d) /n <Kfiin 74 <Kfiin In+1 for n < a;. 

Let / = U{In : n < uj}, so / is a universal member of K^'". Let M * = EM^(^)(/, $), 
so for every i < 9 there is an isomorphism /j from M* onto Mj, exists as i^^ is 
categorical by 1.19(4) as cf(A) = Kq. 
Now 

©2 (a) every interval of / is universal in K^^"^ 

(h) ii n < UJ , J I ^ X = \J\ < X and Sjj = {(ti, ^2) '-^1,^2^ I\J and 

sGJ^s<7ti = s < J t2} then for at most x elements of t of J\I 
the set t/Sjj is a singleton. 
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[Why? Clause (a) is obvious. For clause (b) assume {t^ '■ Ci < X^) ^.re pairwise 
distinct members of J\I such that ta/Sj,i is a singleton for each a <x^ ■ Without 
loss of generality for some A; < w we have a < ^ ia ^ Ik hence x < Afc. For 
each q; < x"*" we can choose G such that Sq <7^ ta and (sa,ta)/^ fl J = 0. 
Clearly a < (3 < ^ (ta <i Sfj y tp <i Sa) hence {{sa,ta)i '■ ct < x"*") ai'e 
pairwise disjoint intervals of /, so for every a < x"*" large enough, {sa, ta)i J — ^, 
but then {sa,ta)i Q ta/S'j,i, contradiction.] 

Now by induction on n < a; and for each n by induction on £ < ^ and for each 
n <uj and £ < 6* for i < ^, we choose Jn,e,i € ^^x^^ such that: 

©3 (a) Jn,e,i Q I 

(b) Jn,e,i has cardinality 

(c) In <i^fiin Jn,0,i 

(d) if ( < s < and i < 9 then JnX,i — Jn,£,ii moreover if for 

some ^, C = 2^ + 1 and £ = 2^ + 2 then there is a 

<^fiin -increasing continuous sequence of length uj with first 

member Jn,c,i union Jn,e,i 

(e) for £ limit, Jn,e,i = [J Jn,C,i 

(/) if £ is odd and i < j < 9 then 

/,(EM,(^)( J^,,,„ $)) = M, n /,(EM,(^)(J,,,,„ $)) 

{h) for every k < u) and s <i t from Jn,e,i if [s, t]/ fl ^ then 

[s,t]7n/^n Jn,e,i 7^0 

(z) ifCisoddand£ = C+lthenEM^(^)(J„,^,i,$) <* EM^(^)(Jn,e,i, 

There is no problem to carry the definition, for £ = 2^ + 2 recalling 02 above; the 
only non-trivial point is clause (i), which follows by 1.32(4) and clause (d) of ©3. 
Clearly {Jn,e,i '■ £ ^ &) is C-incr easing continuous by 03(d) + (e). 
Let Ml^^, = /,(EM,(^)(J„,,,,,$)) and M*,, = M*^^,^,. So clearly M*^,^, e K^^ 
by 03(6) and the choice of M* ^ ^ the sequence (M* ^ : £ < ^) is <^-increasing 
continuous, all members in K^^. 
Now 

04 (M* g : £ < ^) is <J* -increasing. 

[Why? As C < £ < 6* ^ M;^^ = M,,2C,C <^I„ ^n,2C+l,C <i^J„ ^n,2C+l,e <;^*^^ 

Mn,2C+2,e <^*^ M^,2e,£ = M*^^ by the choice of M*^^, by 03"(d) and Ax(V) of 
a.e.c, by 03(/) and Ax(V) of a.e.c, by 03(i), by 03((i) + Ax(V) of a.e.c.(e). 
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by the choice of M* ^ respectively). Now by 1.36(2) this argument shows that 
C<e<e^Ml^<i. M*J 

We can conclude by using 1.37(1) for ^l^, that M* := |J M*^^ belongs to 

Kl^. Also as M* g <^ Mg <^ Ms ioi e < 9 = 5 by AxIV of a.e.c. we have 
-^n — ^ ^5 ^^'^ similarly M* <^ -^n+i? ^^'^ obviously for each i < 9 we have 
y M: includes U{M*,, : n < a;, £ < ^} = U{M*,2,,,, : n < a;, £ < ^} = U{M*,2,,, : 

n<uj 

n < uj,i < $,s < $} = [J M* which recalling the choice of M * q ^ includes 
|J/i(EM,(^)(J„,o,i,$)) 2 U /i(EM,(^)(/,,$)) = /,(EM,(^)(/,$)) = M,. As 
this holds for every i < 9 we get [J M* = M^. So by part (2) we are done. 

n<u! 

2) We choose In by induction on n such that: 

©5 (a) e 

(6) </^mn if n = m + 1. 

Let Nn = EM^(^)(/^,$). 

We now choose ((/„, Z^, ^'^n> ^ ^n) by induction on n < a; such that: 

©6 (o) dn is an isomorphism from onto 

(b) In^I'n^ In ^ and |/;| = A,, |/;'| = A^+i and In+i C 

(c) iV; = EM.(^)(/;, $) and A^;' = EM,(^)(/;', $) 

(d) M;' M„+2 and M^+i M'^ 

(e) Qn maps A^ = EM,(j^)(/;, $) onto M; 
(/) gn extends Qm \ N!^iin = m + l 

Case 1 : For n = 0. 

First, let M'^ = Mi, = /i so also A^' is defined. Second, choose satisfying 
(a) of ©6 by 1.16(1), i.e. 1.19(4), categoricity in Kl^. Third, choose /* C 1'^ = h 
of cardinality such that fir„(EMT(j^)(/*, $)) includes Mq. Fourth, let = I*Uln 
and a; = EM,(^)(/;, $) and let = (7n(A;). 

Case 2 : For n = m + 1. 

Let A; = n + 2, let a e ^""(M^) hst M^^ (with no repetitions). 
Now 

(*)i If ^ < A, then tpL^_,[^](a,0, Afc) = tpL^_,[^] (a, 0, A;;,). 
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[Why? As EM,(^)(/;;,$) ^i^^^.iA] EM,(^)(4,$) by 1.14(a) as C ^ 4-] 
(*)2 if 9 < Xn = Xm+1 then 

[Why? As gm is an isomorphism from onto by ©6(a), i-e. the induction 
hypothesis.] 

(*)3 if ^ < A„ then tpi^^^[^]{gmia),0, M^^) = tp^^ ,[^] (^^^(a), 0, Mfc). 

[Why? This follows from M^j ^l^o which we can deduce by 1.19(1) as 

e -^A^+i = clause (d) of ©e, Mk e by an assumption of the claim, 

M;;^ Mk by clause (d) of ©e.] 

(*)4 if 6* < An then tpL^ ,[^](a, 0, iV^) = tpL<^_,[^] (^rn(o), 0, M^). 

[Why? By (*)i + (*)2 + (*)3.] 

(*)5 tpL , [ii](a,0,A^fc) = tpL . [^](^^(a),0,Mfc). 

[Why? Clearly N^^M^ G i^^j^^ hence by 1.19(4) there is an isomorphism from 
Nk onto Mfc, so obviously tpL^^[^](a, 0, A^fc) = tpL^^[^] (/n(a), 0, A^fc) so by (*)4 
we have tpL^ (^^(a), 0, Mfc) = tpL^ (a, 0, A^fc) = tpL^ ,[^](/n(a), 0, M^) so 
by 1.19(3) we have tp^ , rj^i (5f„(a), 0, Mfc) = tpL , r^i (/^(a), 0, M/,). But 

CO. A^, oo.A',,'--' 
■ ri-f-l Ti + l 

as fn is an isomorphism from Nk onto Mfc and the previous sentence we get 
tPL^;, [^](a,0,A'fc) = tpL , [^](/n(a),0,Mfc) = tpL^ ^ (^^(a), 0, M^) as re- 

n + 1 

quired.] 

there are gn, 1"^ N", M" as required in the relevant parts of (Dq (ignoring 
I'^j N^, M^), i.e. clauses (a),(f) and the relevant parts of (b),(c),(d): 

{by In ^ /" C /„_^2 = Ik and \l!^\ = A„+i and C 

{cY N';= EM.(^) (/;',$) 

(d)' M„ M;' M„+2 and M^+i <j?;- M^'. 

[Why? By the hence and forth argument, but let us elaborate. 

First, let a' be a sequence of length A^+i listing (without repetitions) the set of 
elements of M„_|_i and without loss of generality (a) < a' . Note that Rang(5fm) C 

Mm+2 = Mn+l. 

Second, let g' be a function from Rang(a') into extending [gm \ = 
{9m \ Rang(a))-^ such that tpL + [^]{9 {a'),<li,Nk) = tpi^ + [^] (a', 0, M^), 
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exists by (*)5. Let /" C //^ of cardinality A„+i be such that Rang(5f') C EM(/", $) 
and In+i C Let a" list the elements of EMt-(^) $) C A^^ and without loss of 
generality g'{d') <\a" and let Qn be a function from EMT-(j^)(/^', $) to extending 
((7')"' such that tpL + [^](a",0,Arfc) =tpL + [^](r7n(a"), 0, M^). 

Lastly, let Nl[ = EM^(j^)(/;', $) and = gn{N'^) so we are done.] 

(*)7 there are A^^, as required. 

[Why? By the LS argument we can choose and define A^^, M'^ accordingly.] 

So we can carry the induction. Now N'^ A^4+i (by clauses (g),(c) of ©e) 
and Qn \ N'^ C Qn+i \ A^4+i (by clause (f) + the previous statement). Hence 
g = U{(7n \ : n < is an isomorphism from U{A^^ : n < u} onto UjM^ : 
n < iv}. But = U{A^„ : n < u} C U{N^ : n < iv} C Dom(5f) C A^ and 
M = U{Mn : n < uj} C U{M^ : n < iv} C Rang(5f) C M. Together g is an 
isomorphism from A^ onto M but obviously A^ G -ftT^ hence M G -ftT^ is as required. 
3) ,4) Should be clear and depends just on 1.19(4). Dlss 



1.39 Conclusion. Let A be as in Kl of 1.38. 

1) K*^ is a A-a.e.c. (with <j^|' K^) and it has amalgamation and is categorical. 

2) J^l;^ is an a.e.c, LS(i^|;,) = A and (i^^)"P = K^^ and (J^|;,)a = ^l, see 
Definition below. 



1.40 Definition. Let = ^ \ K®^ where K®^ = {M e Kx : M ^[r] 
EM,(^)(A,$)}. 

Proof. 1) It was clear defining (X^,<^|' K^) that it is of the right form and 
"M G K"^" , "M < j^* A^" are preserved by isomorphisms. Obviously "< \ K"^ is a 
partial order", so Axl, Axil hold and obviously AxV holds (see III. ^^^^600-0.2 
^^^^). The missing point was AxIII, about <^-increasing union and it holds by 
1.38(1). Then AxIV becomes easy by the definition of =<i? \ and lastly the 
amalgamation holds by 1.30. 

2) By III§1 we can "hft J^* up", the result is J^®;^ (see III. ^^^600-0.31 ^^^,111. 
^^^600-0.32 ^^). Di.sg 



Let us formulate a major conclusion in ways less buried inside our notation. 

1.41 Conclusion. Assume (.^, $) is pseudo solvable in then (.^, $) is pseudo 
solvable in A provided that LS(.^) < A, = (or just the hypothesis 1.18 holds), 
cf(A) = Kq and A is an accumulation point of the class of the fix point of the 
sequence of the H's. 
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Proof. By 1.39(1). □1.41 

Remark. About [weak] solvability, see [Sli:F782]. 

§2 Trying to Eliminate h = ij,^^ 

There was one point in §1 where we use n = 11^ (i.e. in 1.12, more accurately in 
justifying hypothesis 1.18(1)). In this section we try to eliminate it. So we try to 
prove Ml M2 =^ Mi -<l^ ^^^^ M2 for ^ < A, hence we fix ij,,0. We succeed 
to do it with "few exceptions" . 

2.1 Hypothesis. (We shall mention (b)^ or (6)~, (c), (d) when used! but not clause 
(a)) 

(a) ^ is an a.e.c. and $ e T^"^ 
(6)^ ^ categorical in /j, and $ e T^"^, or at least 

{b)~ ^ is pseudo //-solvable as witnessed by $ e T^^, see Definition 1.4 in par- 
ticular EMt-(^)(/, h) is pseudo superlimit for / e 

(c) /.>ni,i(LS(.ft)) 

{d) 11 > LS(.ft). 

2.2 Convention : = ^, etc., see Definition 1.15. 

2.3 Definition. Assume 
□ li>X>0> LS(.^) 

1) We let Kj^^^ = {{M, N) : N <M M, N e K^, M e and 1^ ^ X ^ M = N} 
and let <r=<a,ij,,x be the following partial order on K^^-^, (Mq, A^o) {Mi,Ni) 
iff Mo Ml, Ao Ai (formally we should have written <^,i^,x)- Note that 
each pair {M,N) G AT^^^ determine fx,x- So if x = iJ,,K^^^ is essentially Let 
A^ = and let U{(M„A,) : i < 5} = (u{Mi : i < 5},'u{A, : i < 5}) for any 
<j^-incr easing sequence ((Mj, A^) : i < d). 

lA) Let K^,^ = = {(M, A) e K^^^ : M e K;} and = but we use 

them only when $ witnesses ^ is pseudo /x-solvable, i.e. {b)~ from Hypothesis 2.1 
holds. 

2) For k G {1, 2} a formula f{x) G Loo,6)[^] (so £g{x) < 9), cardinal k > 9 the main 
case being k — iJ,; we may omit /c if /c = 2, and M G A;^', a G ^six)^ we define when 
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M Ihfc ip[a] by induction on the depth of (p{x) G Loo,e[-^], so the least obvious case 
is: 

(*) M Ihfe {3y)ijj{y,d) when for every Mi e Kj^ such that M <^ Mi there is 
M2 e satisfying Mi <^ M2 and b e ^s{y)M2 such that M2 Ih^ o]- 

Of course 

{a) for atomic, M W-^ ip[a] iff M |= <^[a] 

(/?) for (f{x) = y\ let M Ih/. (/?[a] iff M Ih^ </?j[^] for each i <a 

(7) M Ihfc ^(p[a] iff for no AT do we have M <^ N e and N Ihfe (^[a]. 

3) Let k e {1, 2}, A C Loo,6>[-^] (each formula with < d free variables, of course): 

(a) A is downward closed if it is closed under subformulas 

(6) A is (//, x)-model'^ complete (when /i is clear from the context we may write 
X-model'^ complete) if |A| < /i, and for every (Mq, A^o) ^ ^'^^,x "^^^ 
(M, iV) e K^,^ above (Mq, Nq) which is A-generic, where: 

(c) (M, A^) e K^^^ is A-generic'^ when: 
if ip{x) e A and a e ^5(^)iV then 

M ll-fe (^[a] 44> A?" 1= (^[a] (yes! neither (M, A?") Ih/- (p[a] which was not 
defined, nor "M |= </'[a]") 

(d) A is called (/U, < //)-model'^ complete when |A| + 9j\^ < n and for every if 
1^1 + ^ X < A* then A is x-model'^ complete where 9\ := min{9 : d > 
LS(^) and A C L(X),a[^]}. We say A is model complete if it is (//, < //)- 
model'^ complete and /j, is understood from the context 

(e) above if $ or (^, $) is not clear from the context we may replace A by (A, $) 
or by (A,$,^). 

4) For M e K^,a e ^> M and A C l.oo,e[^] let gtp^(a,0,M) = {^p[a\ : M Ihfe 
(/?[a]}; if we write 6 instead of A we mean Loo,6i[-^] (note: this type is not a priori 
complete) and we say that a materializes this type in M. To stress n we may write 
gtp2'*^(a, 0, M) or gtpg''^(o, 0, M) though M determines k. 

5) We say M G -ftT^ is A-generic'^ when for every ^{x) G A and a G ^3(^)M we have 
M Ihfc ip[d\ ^ M \= ip[a\. So M e is A-generic'' iff (M, M) G Kf^^^ is A-generic^. 
We say A is K-model'^ complete when every M G Kj^ has a A-generic <i^-extension 
in (so depend on ^ and if A; = 2 also on $). 

6) In all cases above, if A; = 2 we may omit it. 
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2.4 Claim. Assume that LS(^) < < x < 1^ o-nd k > and k e {1, 2} so if k = 2 
then 2.1(h)- holds, see 2.3(1 A). 

1 ) (-^p,;^, is a partial order and chains of length 5 < x"*" of members has a 
lub, this is the union, see 2.3(1). // EMT-(j^) (/U, $) is superlimit (not just pseudo 
superlimit) then K'^^^ is a dense subclass of Kj^^^ under <j^. 

2) If Ml Ihfc ip{a) and Mi <^ M2 are from then M2 Ihfc ip[a]. 

3) If {Mi, Ni) e are K-generic^ for £ = 1,2 and {Mi, Ni) <^ {M2, N2) then 
Ni -<A N2. 

4) If Mi G fori < 6 is < ^-increasing, 6 < k'^ , ci{6) > 9,AC. Loo,0[^] and each 
Mi is K-generi(^, then Ms := |^ Mj is K-generic^ and i < S ^ Mi Ms. 

5) If {M„Ni) e K^^^ fori<5 is <s^-increasing, 6 < x+, d{6) >e,AC h^^e[^] 
and each {Mi, Ni) is A-generic^ , then {\^ Mi,\^ Ni) is K-generic^ and Nj -<\ 

i<5 i<5 

Ni for each j < S. 

i<5 

Proof. Should be clear; in part (1) for A; = 2 we use clause {b)~ of 2.1. In part (5) 
note that U{Mi ■.I<5}eK*hy Clause (b)" of 2.1. 02.4 

2.5 Exercise : If (M, N) is A-generic'= and (M, N) <a {M', N) e K^^^ then {M', N) 
is A-generic^. 

2.6 Claim. Assume that > X > ^ > LS(.^) and k e {1, 2}. 

1) The set of quantifier free formulas in Loo.el^] is {ii,x)-fnodel^ complete. 

2) If Ag C Loo,6'(t^) is downward closed, {ii,x)-fnodet complete for e < e* , and 
A := IJ Ae, 6* = cf(6') < x V 6* < x, £* < (and ii>eyii = e = cf (6*)) then A is 

s<s* 

{lJi,X)-modet' complete. 
Proof. 1) Easy. 

2) Given (M, N) e K^^^ let Or be min{a : d > 9 is regular}. Clearly Or < x and 
we choose {Mi, Ni) e K^^^ for i < s* x $r such that 

® (o) {Mi : i < e* X 9r) is <^-increasing continuous 

(6) {Ni : i < e* X 6^) is <^-increasing continuous 

(c) if i = X 7 + £ and e < e* then (Mj+i, A^i+i) is Ag-generic^ 

(d) (Mo,iVo) = (M,iV). 
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There is no problem to do this. 

Now for each s < s* the sequence ((Me*x7+e+i5 -^e*x7+e+i) '• 1 < ^r) is <^,/i,x- 
increasing with union {Mg*xd^, Ns*x9r.)i ciiid each member of the sequence is Ag- 
generic'^ hence by 2.4(5) we know that the pair (Mg* x9,,: Ng* xOr) is Ag-generic'^ . 
As this holds for each Ag it holds for A so {Ms^xdr^ A^e^xe^.) is as required. □2.6 

From now on in this section 

2.7 Hypothesis. We assume (a) + (b)~ of 2.1 and we omit k using Definition 2.3 
meaning k = 2. 

2.8 Claim. 1) For M e K* and LS{^) < 9 < fx the number of complete Loo,e[^]- 
types realized by sequences from ^^M is < 2^^, moreover, the relation := 
{(a, 6) : djb E M and some automorphism of M maps a to b] is an equivalence 
relation with < 2^^ equivalence classes. 

2) Hence there is a set A* = A^ = AJ $ ^ ^ C Loo,6i[-^] such that: 

(a) |A^| < 2<^ and A* C L(2<e)+,e[^] 

(6) A^ is closed under sub-formulas and finitary operations 

(c) each (p{x) E A* has quantifier depth < 7* for some 7* < (2^^) + 

(d) for a < 9, M E K* and a E °M, the A^-type which a realizes in M deter- 
mines the L,oo,0[^-type which d realizes in M, moreover one formula in the 
type determine it 

(e) similarly for materialize in M E K*, see Definition 2.3(4) 

(/) if LS{^) < X < /X and {M,N) E K^^^ is A^-generic then it is 'Loo,e[^]- 
generic 

(g) if M E K'^ is A^-generic then it is 'L^^Q[^-generic. 

Remark. Part (1) can also be proved using just (A + 1) x with a ^-saturated 
dense linear order with neither first nor last element, but this is not clear for 2.11(1). 

Proof. 1) By 5.1(1) and categoricity of K^. 
2) Follows but we elaborate. 

Let {da : a < a* < 2^^} be a set of representatives of the ^j^^-equi valence 
classes. For each a ^ j3 such that ig{dn) = Igidp)., let = {xi : i < ig{da)) 
and choose iPa,p{xoi),ilJa,p{xct) E h(^2<o)+,d[^] such that, if possible we have M |= 
'^oi,i3[doi] A ~iv^a,/3[tt/3] and, under this, if possible M Ih ''ipa,p{dot) A ~i'i/'a,/3(«/3) but 
in any case M |= ipa,p[^c,] ^ V'a./jfoa]- Let ipa{x) = A{<fa,i3{xa) ■ < 
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a* , (3 a and ig{dp) — £g{aa)} a^nd similarly i^ai^a)- Let A* be the closure of 
{<fa,i3,'4^a,i3,fa,'4'a '■ a ^ P < a*} Under subformulas and finitary operations. Ob- 
viously, clauses (a),(b) hold hence the existence of 7* < (2^^)"'" as required in clause 
(c) follows. Clause (d) holds as aS'^^ tpL^_e[i^](a, 0, M) = tpL^_e[^](^ 0, M) us- 
ing the automorphisms and for ct, /3 < a* such that lg{aa) — £gidp) we have M \= 

{yXa){(fa{Xa) = ^p{xp) implies tpL^2<ej+^[it](aa,0,M) = tpL^^^,^^^^[^](a/3,0,M) 

and even tpL^^[^] (a^, 0, M) = tpL^^[^] {dfs, 0, M) recalling the choice of the (pa,/3's. 

Clause (e) holds similarly by the choice of the ipa,i3^s. Clauses (f),(g) should also 
be clear. (The proof is similar to the proof of the classical 0.17(3).) 02.8 

2.9 Observation. Assume (2.1(b)~ of course and) A C Loo,6»[-^] and /j, > 2^^ and 
0> LS(il). 

1) The number of complete Loo,6i[-^]-types realized in some M G K*, by a sequence 
of length < ^ of course, is < 2<^. Hence every formula in Loo,6i[-^] is equivalent, 
for models from K* to a formula of quantifier depth < (2<^)+, even from A* C 
I-'(2<e)+,e[-^] where A* is in 2.8(2). 

2) Assume that Ii C I2 are weU ordered, cf(/i), cf(/2) > 2<^ and t e /2\/i ^ 
2<^ < cf(/i \ {s E h : s <i, t}) and t E hVi 2<^ < cf(/2 \ {s E h : (Vr E 
h){r <i,t = r <i, s)}). Then EM,(j,)(/i, $) EM,(^)(/2, $). 

3) If M = EM^(j^)(/, $), |/| = well ordered of cofinality > 2<^ a E "M where 
a < 9 and = ai{. . . , a^. ^, . . . )i^n{i) for z < a then tpA, (o, 0, M) is determined 
by {ai{xo, . . . ,a^n(^)-i) • ^ < •^^(^)) ^ind the essential ^-type of (U^i : i < £g{a),£ < 
n(z)), see Definition 2.10 below. 

Before proving 2.9 

2.10 Definition. 1) For t = {ti : i < a) E '^1,1 well ordered, let the essential 
^-type of t in / be the essential (0, (2^^)"'")-type where for an ordinal 7 we let the 
essential {9, 7)-type of t in /, estpg^-y{i, 0, /) be the following information stipulating 
ta = 00: 

(a) the truth value of ti < tj (for z, j < a) 

(b) otp{[ri,ti)i) for i < a where for i < a we let be the minimal member r 
of / such that otp([r, ti)i) < 6* x 7 and r </ ti and j < a Atj < ti ^ tj < r 

(c) Min{^ X 7, otp[sj, Tj)/} for i < a where we let Sj be the minimal member of 
/ such that (Vj < a)[tj </ ti =^ tj </ Si] 

(d) Min{^, cf(/ I" {s : s </ r^})} for z < a which may be zero. 

2) Let the function implicit in 2.9(3) be called = t^^ = ^ ^, i.e., t^(s, a) = 
tpA(a, 0,M) when a = {ai{. . . • • • )^<n< : i < £g{a)),a= {ai{. . . ,xp(^i^i), ■■■)i< 
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ig{a)) and s is the essential ^-type of {ti^£ : i < £g{a),£ < rii) in /. 
If A = Loo,6»[-^] we may write just 6. 



Proof of 2.9. 1) By 2.8(1) this holds for each M e K*. 

2) It is known by Kino [Kin66] that Ii /2 if =Sf C {y? G Loo,6>({<}) : <^ has 
quantifier depth < (2^^) + }. From this the result follows by part (1). 

More fully let be the first regular cardinal > ^, and we say that the pair 
(/i,/2) is 7-suitable when we replace in the assumptions "of cofinality > 2^^" by 
"of cofinality > d and of order type divisible by ^ x 7" . Now we prove by induction 
on 7 that 

01 assume that for a < ^ and for i = 1, 2 we have: Ii is a well ordering, 
? = (t| : z < ct) is < 7^ -increasing, is the first element of we stipulate 
= cx) and otp([tf, tf^i)/^) = Qrl(^\ + where < ^7 and (cf(Q;J) = 
cfK^))V(cfK)>^A zi{a\)>d). 

Then for any formula (^((xj : i < a)) e Lqq e({<}) of quantifier depth < 7 
we have Ii \= (p[P-] ^ l2\= (p[P]. 

Hence 

©2 if T^ix) e Loo,6i({<}) has quantifier depth < 7 and (hih) is 7-suitable and 
t e then Ii h <^ ^2 h ^H- 

3) Follows by part (2). ^2.9 

2.11 Claim. Assume 
□ (a) Me K; 

(6) A C Loo,e[^] is downward closed, |A| < x> LS(.^) < < x < o-iT'd 
2<^ <X and e = cf(6') V 6* < x 50 A = A* from 2.8 is O.K. 

(c) in part (3), (4), (5) we assume (x^^ < A*) V (cf(//) > 6*) 

{d) for part (6) we assume cf{fi) > 9 (hence the demand in clause (c) 
holds). 

1) IfMeK* then {gtpyv(a, 0, M) : a e ^>M} has cardinality < 2<^. 

2) If (M, N) e K^^^ then we can find N', (M, N) <^ (M, N') e K^,^ such that 

(*) if a < 6 and b G "M and A C Loo,e[^] then for some b' G °'{N') we have: 
for every a G ^>N, gtpA(a'6, 0, M) = gtpA(a'6', 0, M). 
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3) If (M, N) e K^^^, then we can find (Mi, iVi) such that (M, A^) <^ (Mi, Ni) e 
K^^-^ and (note that y may he the empty sequence) 

(*) if3y(f{y,x) E A and a G ifi^^ jvfi II — 3yLp[y,x) or for some 

I e ^9(5) (iVi) we have Mi Ih a]. 

4) In part (3) we can demand 

(*)+ if 3y(f{y,x) G A and a G ^9(^)(A^^) then Mi II i{3y)(f{y,x) or for some 

I e ^5(y)(iVi) w;e /lave Mi ^ (^[^a]. 

5j /n part (4) it follows that the pair {Mi,Ni) is A-generic (most interesting for 
A*, see 2.8). 

6) If Ml G K* then it is A-generic. 



Proof. 1) Proved just like 2.8(1). 

2) First assume 6* is a successor cardinal. As M G K* without loss of generality M = 
EM^(^) (/, $) for some linear order / of cardinality as in 5. 1(1), (4) with 9~, 6, x'^i A* 

here standing for /x, 9i, 62, A there. It follows that for some J C / of cardinality x 
we have C EM^(^)(J, $), and let J+ C / be such that J C J+, \J+\J\ = x and 
for every t E I there is an automorphism f of I over J which maps t to some 
member of ^^(^^(J"'"). 

Lastly, let N' = EMt-(^)( J+, $), it is easy to check (see 1.4) that (*) holds. 
If ^ is a limit ordinal it is enough to prove for each d < 9, a version of (*) with 
a < d; and this gives N'g. Now we choose N' such that d < 6 Ng <^ N' and 
(M,iV')GK^,^. 

3) , 4), 5), 6) We prove by induction on 7 that if we let A^ be {^{x) : ^{x) G A has 
quantifier depth < 1 + 7} then parts (3), (4), (5), (6) holds for A^. For all four parts, 
|A| < X hence |A^| < x and it suffices to consider 7 < x"*"- For 7 = they are 
trivial and for 7 limit also easy (let 9r be the first regular > 9 and extend I7I+ x9r 
times taking care of A^ in stage 7 x ^ + /3 for each /3 < 7). So let 7 = /3 + 1. 

We first prove (3), but we have two cases (see clause (c)) of the assumption. If 
X^^ < /J, this is straight by bookkeeping. So assume cf(//) > 9. Given (M, N) G 
K^^-^ we try to choose by induction on z < x"*" a pair (Mj, A^^) and for i odd also 
i^iiyi,Xi),ai,bi such that 

®i (a) (Mo,iVo) = (M,iV) 

(b) (Mi^Ni) G -ftT/x.x is <j?-incr easing continuous 

(c) Mi_|_i is A^-generic for i even 

(d) for i odd ipiiyi-, Xi) G A^ and G ^^N and 6j G ^^(A^j+i) are such 
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that £g{ai) = ig{xi),£g{bi) = £g{yi) and 
(a) b e ^5(^0 (M,) ^Mi¥ i;i[bi, a] but 
M,+i\hij,[b„a,] 

(7) for every b e ^^(Mi+i) there is an automorphism of Mj+i over 
A^i mapping b into A^i+i. 

If we succeed, by part (2) apphed to the pair of models ( Mi,N) as x"*" < 

i<X+ 

this pair belongs to -K^/i,^ we get N' as there, hence for some odd i < i Q 

let C = ^ + 2 and this gives a contradiction to the choice of {iIjq^ ciq, b^). 
[Why? There is an automorphism / of M := U{Mj : j < over N mapping bc_ 
into N' hence into Mi hence f(bc) G ^^{Mq). We know (by clause {d){l3) above) 
that M^+i Ih V'cf^C'^c] but M^+i M hence M Ih Vcf^c^^c]- Recall that / 
is an automorphism of M over N hence M Ih /(a^)], but e ^^A?" so 

/(o^) = hence M Ih 'i/'c[^C5 /(^c)] t»ut M<^ M and a, /(fe^) are from M<^ hence 
ih {ac)]. However by clause (d)(Q;) of ®i we have Ih -(/'^[/(fo^), a,^]. 

But as i is an odd ordinal the last two sentences contradicts clause (c) of ®i applied 
to i + 1.] 

Hence we are stuck for some i < ■ Now for z = clause ®(a) gives a permissible 
value and for i limit take unions noting that clauses (c),(d) required nothing. So 
i = J + 1; if J is even we apply the induction hypothesis to part (6) for the pair 
{Mi.Ni). Hence j is odd so we cannot choose ifjj^y, x),aj,bj, recalling part (2) so 
the pair {Mj, Nj) is as required thus proving (3) (for A-^). 

Second, we prove part (4). We can now again try to choose by induction on 
z < X"*" a pah {Mi,Ni) satisfying 

®2 (a) (Mo,iVo) = (M,iV) 

(6) {Mi,Ni) G -K'/x.x is <j^-increasing continuous 

(c) if z = 2j + 1, then (Mj_|_i, iVj_|_i) is as in part (3) for A-,, with 

{Mi, Ni), (Mi+i, Ni+i) here standing for (M, A'), (Mi, Ni) there 

(d) if z = 2j then for some ipi(yi, Xi) e A^ and aj e (^5(a;{))(jY^) 

1- e (^9(yi)){Ni+i) we have_Mi+i Ih ipi{bi,ai) but 
be^^^y^\Mi)^ Mil^iPi[b, ai]. 

If we succeed, let Sq = {5 < x'^ '■ cf(5) > 9}, so by an assumption 5 is a stationary 
subset of x"*", i.e. as by clause [3(6) we have 9 = cf{9) < xV6' < x; also for S G 5*0, as 
{Ni : i < 6) is increasing with union A''^, and 6 = 26 clearly dg is well defined, so for 
some i{d) < 5 we have dg G ^>(A^j(5)) and without loss of generality i (5) = 2j{S) + l 
for some j{S) hence by clause (c) of ®2 the pair (Mi(5)_|_i, A^j(5)_|_i) is as required 
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there contradiction as in the proof for part (3). Hence for some i we cannot choose 

For i = let (Mi, Ni) = (M, N) so only clauses (a) + (b) of ®2 apply and are 
satisfied. For i limit take unions. So i = j + 1. If j = 1 mod 2, clause (d) of ®2 is 
relevant and we use part (3) for Ap which holds as we have just proved it. 

Lastly, if j = 2 mod 2 and we are stuck then the pair (Mj, Nj) is as required. 
Third, Part (5) should be clear but we elaborate. 

We prove by induction on 7' that if (p{x) G A-y has quantifier depth < 1 + 7' 
then for every a G ^^^^\Ni) we have Mi |= (p[a\ Ni \= ip[a]. For atomic cp this is 
obvious and for (p — ^ Lpi should be clear. If (p{x) = -iijj{x) note that in (*)+ of 

part (4) we can use empty y so -i{3y)il;{x) = ->'4^{x). Also for (f{x) = {3y)(fi'{y, x) 
we apply part (4). 

Fourth, we deal with part (6), so (see clause (d) of the assumption) we have 
cf(/i) > 0. Let X = iXi '■ ^ < cf(//)) be constantly fi~ (so /j = xt) if A* is a successor 
cardinal, and be increasing continuous with limit 2^^ < Xi < if A* is a limit 
cardinal recalling 2<^ < A* by B{b). Consider K^^^ = {M : M = {Mi : i < cf(At)) 
is <^-increasing continuous, Mcf(^) G K* and Mi G K-^^. for i < cf(At)} ordered by 
<^ M2 iff z < d{ij) Ml <^ Mf. 

By 2.11 and part (5) for A^ which we proved we can easily find M G K^^^ such 
that i < cf{fx) =^ (Mcf(^), Mi+i) is A^-generic; such M we call A*-generic. Next 

M if ip{x) G A-y and M is A-^-generic, a G ^^{Mi),i successor, ^p{x) G Loo,6i[^] 
and lg{x) = £g{a) then Mcf(p) h ^ ^cf(At) 

[Why? Recalling cf(At) > 9, we prove this by induction on the quantifier depth of 
By the definition of "M is A-generic" and categoricity of K* we are done. □2.11 

2.12 Conclusion. If /x > (2<^)+,9 > LS(^) and cf(/x) >e> LS(^) then every 
M G -fC* is Loo,6i[-^]-generic, hence if Mi <^ M2 are from K* then Mi M2. 

Remark. 1) With a little more care, if ji = ji^ also 9 = ji is O.K. but here this is 
prepheral. 

2) 9 < LS(.^) is not problematic, we just ignore it. 

3) So 2.12 improve 1.12, i.e. we need cf(At) > A(> LS(.ft)) instead ji = /i^^ but 
still there is a class of /j, which are not covered. 

Proof. Let A^< be as in 2.8(2) so in particular \A^,\ < 2^^. Now 2.11(6) and clause 
(g) of 2.8 proves the first assertion in 2.12. For the second assume that Mi M2 
and we shall prove that Mi -<l^ M2. 
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By the categoricity of ^ in or clause {b)~ of Hypothesis 2.1, K* is categorical 
in ji hence Mi,M2 G -fC* are A*-generic. Suppose a e ^^3^^^\Mi),(f{x) e A*, so 
by M[ being A*-generic (or M from the end of the proof of 2.11 applied to M^) we 
have 

Ml 1= (/7[a] ^ Ml Ih v7[a] ^ Mi |= ip[a] 

and by M2 being A*-generic (or Kl from the end of the proof of 2.11 applied to M^) 
we have 

(*)2 M2 h ^[a] M2 Ih (^[a] =^ M2 h 

and by the definition of "M II- (/^[a]" recalling Mi <i^^ M2, 

(*)3 if Ml Ih (p'[a] then M2 Ih (p'[a] for ^'(^) e {^(^), ^¥'(^)}- 

So both Ml and M2 satisfy ip[a] if Mi satisfy it, but this applies to -'(p[d] too; so 
we are done. 02.12 

2.13 Claim. If K is categorical also in /i* or just Hypothesis 2.7 apply also to /i*, 
too, (with the same $J and /U* > fi^^ > ^ > > LS(.^) and (*) below, then every 
MeK;is hoo,e[^]-9eneric and Mi e AM2 G AMi M2 ^ Mi -<L^,,[i?] 
M2, i.e. the conclusions of 1.12, 2.12 hold where 

(*) ifM e K*. and A e [M]^' then we can find N <si M such that A C N E K* 
and for every (p{x) e Loo,6»[-^] ond a e have M Ih ip[a\ A'" Ih 

(p[a\. 



Proof. We shall choose (M^, Ni) e i^^*,/^ by induction on z < such that not only 
Mi e K*^ (see the definition of Kn*^^) but also e K* and this sequence of pairs 
is <^-increasing continuous. For i = use any pair, e.g. Mq = EM^(^)(//*, and 
No= EM,(^)(;U,$). 

For i limit take unions, recalling Mj, Nj are pseudo superlimit for j < i. 

For z = j + 1, let <m Mj be such that Nj C iV+ e i^^ and {Mj,N+) 
satisfies (*) of the claim (standing for {M,N)). Let A* be as in 2.8 for /i*. Then 
by 2.11(5) with (^u*, /U, 9) here standing for (//, x, 6') there noting that in G{c) there 
we use the case ^ A* which here means // = A*^^? we can choose a A*-generic 
pair {M,,Ni) G K^*,^ above {Mj,N+) hence by 2.8(2)(g) also it is a Loo,e[i^]- 

generic pair. Now for j < 9~^, for a G ^-^{Nj), we can read gtp^ (a,0, Mj_|_i) 
and it is complete, but as by our use of (*) it is the same as gtp^(a, 0, A^^t|_i)- 
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So gtp^(a, 0, A^^T|_i) is complete for every a e ^^{Nj), so also gtp'^(a, 0, A^g)+) is 
complete by monotonicity. 

Now if a e ^>(N0+) then for some j < 9^ we have a e ^^{Nj), so by the above 

Pa := gpt^ (a,0, M,+i) = gtp^(a,0, ATT^i) = gtp^(a, 0, iV0+) is complete and does 
not depend on j as long as j is large enough. 

Now we prove that if a G ^^{N0+) then (p{x) ^ Pa ^ N0+ \= (p[a\; and we 
prove this by induction on the quantifier depth of (p{x); as usual the real case is 
(^{x) = {3y)Lp{y, x). Let j < 6*+ be such that a e ^»(^^(iVj), so pa = gtpf (a, Mj+i) 
so Mj+i Ih ip[a\ and by the choice of {Mj+i, Nj+i) it follows that A^^+i |= (p[a] 
hence for some b e ^^^^\Nj^i) we have iVj-i-i \= ip^, a] hence Mj_|_i II- ip(h, a), hence 
x) e pi'^ hence by the induction hypothesis Nq+ \= '4>^i a] hence Nq+ \= (/?[a]. 

n2.i3 



2.14 Conclusion. 1) For each d > LS(^) the family of > in which K 

is categorical but some (equivalent every) M e is not Loo,6»[-^] -generic is C 

{[//j, fJ-f^] : ?' < 2^ } for some sequence {fii : z < 2^ ) of cardinals. 

2) Similarly for pseudo solvable, i.e. for each 9 > LS(.^) and $ G T^^ for at most 

^2(6*) cardinals n > 2<^ we have (Va < //)(|q:|)^^ < /j) and for some /i* e 

the pair (.^, $) is pseudo //*-solvable but some = every M e ^, is not L,co,e+ [^]- 

generic. 



Proof. Straight. Note that it is enough to prove this for each ^> separately. 

Toward contradiction assume (/Ug : e < {1l2{9))^) is an increasing sequence of 
such cardinals, satisfying (//g)^^ < A*£+i and choose /g x //g x (2^^) + , hence {Is : 
e < (^2(6'))"'") is an increasing sequence of linear orders as in 2.9, in particular, well 
ordered. Let = ^ ^ be from 2.8(2) applied to / = Ig hence to any ordinal 
< iif of cofinality > 2<^. Now the number of functions t^^^ (see Observation 
2.9(3) and Definition 2.10(2)) is at most ^2(6*), so for some £ < C < (^2(^))+ we 
havet^^^^=t^;^^. 

Now apply 2.13 with (//^,(Ug) here standing for (//*,//) there, (*) there holds 
easily by 2.9(3) so we get a contradiction. □2.14 



For the rest of this section we note some basic facts on the dependency on $ (not 
used here). 
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2.15 Definition. 1) We define a two-place relation = on T°=^[j^], so 
K > LS(^) : $i^K$2 iff for every linear orders h^h there are linear orders Ji, J2 ex- 
tending /i, I2 respectively such that EM^(^)(Ji, $), EMt-(^)(J2, $) are isomorphic. 
2) We define <^=<'^ [^], a two-place relation on T°'^[.^] as in part (1) only in the 
end EMT-(_f^)(Ji, $1) can be <i?-embedded into EMT-(_f^)(J2, $2)- 

2.16 Claim. 1) The following conditions on $i,$2 G "''"k'^I-^] osre equivalent 
(a) $i#«$2 

(6) there are Ii, I2 £ K^^^ of cardinality > ^i^i{k) such that EM^(^)(/i, $1), 

EMt-(-^)(/2, $) are isomorphic 

(c) there are $2 satisfying $^ <® $^ G T°''[j^] for £ = 1,2 such that $2 
are essentially equal (see Definition 2.17 below). 

2) The following conditions are equivalent 

(a) $1 <°'' $2 recall <k=<°' [■^] 

(6) there are Ii, I2 G i^^'" of cardinality > s«c/i t/iat EMt-(^)(/i, $1) can 

6e <^-embedded into EM,-(^-)(/2, ^2) 

(c) /or every Ii G i/iere zs I2 G -fC^'° stic/i t/iai EMt-(j^) (Ji, $1) can 6e 

<^-embedded into EMt-(^)(/2, $2)- 

2.17 Definition. $1, $2 G T°''[.^] are essentially equal when for every linear order 
/ there is an isomorphism / from EMt-(^)(/, $1) onto EMt-(^)(/, $2) such that 
for any T$j-term ai{xo, . . . , Xn-i) there is a r^j-term a2{xo, . . . , Xn-i) such that: 
io <i ■ ■ ■ <i tn-i /(cti) = 0'2, where ai is ai{atQ, . . . , at^_J as computed in 
EM(/, ^e) for£ = 1,2. 

Proof of 2.16. Straight (particularly recalling such proof in 1.29(1)). □2.17 

2.18 Claim. 1) (^n = ^n^'l^] ^« equivalence relation and $i^°'^[.^]$2 *i 
[i^]$2. 

^^4^ /n fact if ($£ : £ < £(*)) are pairwise S'^- equivalent and e{*) < k then we can 
find : s < k) satisfying $g <® $g /or e < s{*) such that the ^'^ for s < s{*) 
are pairwise essentially equal. 

2) is a partial order. 

3) //$i,$2 G T°''[.^] are essentially equal then (.^,$1) is psuedo /weakly /strongly 
{n, K)-solvable iff {A, $2) is pseudo /weakly /strongly {fi, K.)-solvable. 
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4) If ^1 G T°'^[^] is strongly {n, k) -solvable and $2 exemplifies ^ is [n, n)- solvable 
then $i(f«;$2- 

5) If ^ is categorical in /i and jj, > k > LS(^) then every $ e is strongly 
(//, K)-solvable. 

6) Assume is pseudo {n, k) -solvable and /x > for £ — 1,2. Then 
*i^«$2 <7 [^]^2 A $2 [mi- 

7) If^i ^2 and^i is strongly {fj,, k)- solvable or just pseudo (p, k) -solvable then 
$i,$2 are S'°^[^]-equivalent. 

Proof. Easy, use 1.29(1) and its proof. 02. is 

§3 CATEGORICITY FOR CARDINALS ON A CLUB 

We draw here an easy conclusion from §2, getting that on a closed unbounded 
class of cardinals which is i^o-closed we get a constant answer to being categorical. 
This is, of course, considerably weaker than conjecture 0.1 but still is a progress, 
e.g. it shows that the categoricity spectrum is not totally chaotic. 

We concentrate on the case the results of §1 holds (e.g. n = n^) for the A's with 
which we deal. To eliminate this extra assumption we need §2. This section is not 
used later. Note that 3.4 is continued (and improved) in [Sh:F820] and Exercise 
3.8, [Sh:F782] improve 3.6; similarly 3.7. 

In the claims below we concentrate on fix points of the sequence of H^'s. 

3.1 Hypothesis. As in Hypothesis 1.2, (i.e. ^ is an a.e.c. with models of arbitrarily 
large cardinality). 

3.2 Definition. 1) Let Cat^ be the class of cardinals in which ^ is categorical. 
lA) Let Sol = Soli^,<i> = Sol^ ^ be the class of > LS[.^] such that (.^, $) is pseudo 
iU-solvable. Let Sol| ,j,[Sol^ ^] be the class oi /j, > LS(.^) such that (^, $) is weakly 
[strongly] |U-solvable. 

2) Let mod-com^ $ be the class of pairs (/x, 6*) such that: /x > 6* > LS(.^) and 
1^00,0+ [-^l is //-model complete (on ^, see Definition 2.3(3)(b), 2.3(5)). 

3) Let Cat^ be the class of e Catj^ such that: /j, > ^i^i(LS{^)) and if LS(.^) < 9 
and Di,i(6') < n then L^q 0+ [^] is //-model complete. 

3A) For $ e T°=^ let SolJ*^ be the class of /i G Sol^ .j, such that // > ni,i(LS(J^)) 
and: if LS(.^) < 6 and Di,i(0) < fi then the pair (L^^q+ [R], $) is //-model complete. 

Let Sol^'lf be the class of A e Sol^ ^ such that Loo,6»[-^] is /t-model complete 
(seeV§2). 
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Let Sol^ ^ = Sol^''!^. Instead k, * we may write 3 + k. 
4) Let C ='{A : A = i and cf(A) = ^^o}- 

3.3 Exercise : 1) The conclusion of 1.12(1) equivalently 1.12(2) means that ^ < A =^ 
(/U, 6*) G mod-com^^$. 

2) Write down the obvious imphcations. 

3.4 Claim. Ifii>X = '2x>K> LS(^) and $ e T^'i^], cf(A) = «o then 
ji = jjL^^ =^ ji e Sol^^^ =^ A e Sol^^. 

Proof. The first implication holds by 1.12(2) and 3.3. The second implication, its 
assumption implies Hypothesis 1.18, see 3.3(1) hence its conclusion holds by 1.41. 

□3.4 

3.5 Observation. K\ is categorical in A (hence Hypothesis 1.18 holds), if: 
®A A = Da = sup(A n Cat^) > LS(j^) and = cf (A). 

Proof. Fix $ G T'^, now clearly Sol^ ^ ^ Cat^ by their definitions. 

By the assumptions we can find {fXn : n < u) such that A = : n < u}, 

LS{M) < Hn ^ Cat^ and Di,i(|U^) < //n+i where ji'^ — I}i,i(/Xn)- As every M G 
K^^^^ is Loo,,.; [.^]-generic (as i^^„+i C i^$,^„_^i and G Cat^) easily 

(*)o iiM<^N are from i^S,>M„+i ^^en M -<i.^^^,jr] N. 

Let M ^ G K\, for £ G {1, 2}; so we can find a <^-increasing sequence (M^ : n < a;) 
such that G K^^,M^ <^ M^+i <^ and = U{M^ : n < a;}. Now 

[Why? As ^ is categorical in = ||M^||.] 

(*)2 if q; < iJ,n, n < m < k and a, 6 G "'(M^) then: 

(a) tpL^^, [^](a,0,M4) = tpL^ ^, (6,0,M4) iff tpL^^, [^](a,0,M^) = 
tpi. Jjb,0, Mi). 

(^) if tpL^ ^, [^] (a, 0, M,^) = tpL^ ^, [^] (6, 0, Mi) then tpi,^ ^, [^j (a, 0, = 
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[Why? Clause (a) by (*)o, clause (b) by 1.19(3).] 
(*)3 Ml - Ml 

[Why? As ^ is categorical in 

We now proceed as in the proof of 1.38. Let #n = {/: for some ai, a2 and a < Hn 
we have a, e for £ = 1, 2, tpL^,^„^^[^](ai, 0, = tpL^,^„^^[^] (02, 0, M^^i) 

and / is the function which maps ai into 02}, (actually can use a = fin)- 

By the hence and forth argument we can find e by induction on n < a; such 
that M^ C Dom(/2n+2), M^ C Rang(/2n+2) and fn Q /n+i; hence U{/n : n < u} 
is an isomorphism from M^ onto M^. 03.4 

3.6 Claim. ^ is categorical in X when : 

®^ A = Ha > LS(^) and X = otp(Cat^ n A n C) and cf(A) = Hq. 



Proof. Fix $ as in the proof of 3.4. Let {9n : n < ui) he increasing such that A = 
T,{dn : n < oj} and LS(^) < ^o- For each n, by 2.14 we know {/j, e Cat^ : ji > 6n 
and the M e is not 0+ -generic} is "not too large", i.e. is included in the 

union of at most ^2(6*^) intervals of the form [X)X^"]- Now we choose {n{£),iJ,£) by 
induction on £ < ut such that 

® (a) n{i) < (jj and m e Cat^ fl A 

(6) ii i — k + 1 then n(£) > n(/c), 6*^^^) > //fc, /i^ G Catj^ fl X\9^^^-^ and the 
M e is Loo,e„(^) [^]-generic (hence L^^^+ [J^]-generic). 

This is easy and then continue as in 3.5. Ds.e 
We have essentially proved 

3.7 Theorem. In 3.5, 3.6 we can use Sol^^$, Sol^ ^ instead of Cat ^, Cat^. 



3.8 Exercise : For Claim 1.38(2), Hypothesis 1.18 suffice. 
[Hint: The proof is similar to the existing one using 1.19.] 
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§4 Good Frames 

Here comes the main result of Chapter V: from categoricity (or solvabihty) as- 
sumptions we derive the existence of good A-frames. 
Our assumption is such that we can apply §1. 

4-1 Hypothesis. 1) 

(a) ^ is an a.e.c. 

(6) // > A = Da > LS(j^) and cf(A) = Kq; 

(c) $ G 

(d) ^ is categorical in or just 

{d)~ $) is pseudo superlimit in n (this means $ G Sol;^ ^; so 1.18(1) holds) 

(e) also 1.18(2)(a) holds, i.e. the conclusion of 1.12(2) holds. 

2) In addition we may use some of the following but then we mention them and 
(we add superscript * when used; note that (^r) =^ (/) by 1.39) 

(/) is closed under <_^-incr easing unions (justified by 1.38) 

(q) {^n '■ n < u>) is increasing, Aq > LS(.^), A = S{A„ : n < u} and the 
assumptions of 1.38 holds. 



4-2 Observation. 1) .^^ is categorical. 

2) R*^ has amalgamation. 

3) * (We assume (f) of 4.1(2)). is a A-a.e.c. 



Proof. 1) By 1.16(1) or 1.19(4) as cf(A) = Kq. 

2) By 1.30(1). 

3) As in 1.39, (i.e. as f closure under unions of <^-increasing chains is 
the only problematic point and it holds by (f) of 4.1(2)). ^4.2 



4.3 Remark. 1) Why do wc not assume 4. 1(1), (2) all the time? The main reason is 
that for proving some of the results assuming 4. 1(1), (2) we use some such results 
on smaller cardinals on which we use 4.1(1) only. 

2) Note that it is not clear whether improvement by using 4.1(1) only will have any 
affect when (or should we say if) we succeed to have the parallel of IV§12. 
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4.4 Claim. 1) Assume Mq <i?* M^, a < A and ag e "'(M^) for £ =1,2 and 
K := ni,ip2(^)+) where d := |a| + LS(^) so k < X. // tpL^^[^](ai, Mq, Mi) = 
tPL^,.[^](a2,Mo,M2) fetp^*(ai,Mo,Mi) =tp^*(a2,Mo,M2)• 
^J If Ml M2 then Mi M2 for every < X, and moreover Mi ^[^] 
M2. 

//Mo M^ /or £ =1,2 and tp^. (ai, Mq, Mi) = tp^* (03, Mq, M2) and 
G "(Mo),a < K < A ^/len tpL^ ^[^] (ai), Mq, Mi) = tpL^ ^[^] (03, Mq, M2). 
2B) Inpart (1), if Me M^fori = 1,2 then tpi^^^[^^{ai, M, M[) = tpL^^[^] (02, M, M^). 

3) Assume that Mq Mi <j^* M2 M3,a e "(M2),q; < X and k = 

+ LS(j^)) < 6' < A. r/ien 

(a) ^om tpL^^f^] (a. Ml, M2) we can compute tpi,^^[^]{a, Mi, M2) and tpL^^f^] (a, Mq, M3) 
(6) ^om tpL^^ [^] (a, 0, M2) w;e can compute tpL,^ ^ [^] (a, 0, M2) and even tpL^^ [^] (a, 0, M2) 
(c) ^om tp^* (a. Ml , M2) we can compute tpL^ [^] (a. Mi , M2) and tp^* (a, Mq, M3) . 

//Ml M2 and a < k* < X,Ie C ""{Mi), |I^| > k, ?s (Loo,e[i^], k*)- conver- 
gent in Ml for £ =1,2 and Av<k(Ii, Mi) = Av<k(Ii, Mi) ^/ten (L(x),k[^], k,*)- 
convergent in Mi for £ = 1,2 and Av<k(Ii, Mg) = Av<k(Ii, M2). 

Proof. 1) Without loss of generality Mq = EM^(^)(/o,$) and /q G /iTf''. By 
1.29(3) for £ = 1, 2 there is a pair [I^, fi) such that Iq <xfiin /^ e -^^a™ ^^'^ 
is a <^-embedding of Mi into M^ = EM^(^)(/^,$) over Mq. By renaming 
without loss of generality fi is the identity on M^ hence M^ <^ M^'. By 1.19(1) we 
know that Me -<]l^ ^[^] M^ hence tp^^ ^0, M{) = tp^^ ,[^](ai, Mq, Mi) = 

tPL^,.[i^] (a2, Mo, M2) = tpL^^^t^] (as, Mo, M^). 

By 1.29(1) we can find gi, g2, h) such that Iq <Kfiin I3 e /C^^'^,5f£ is a <^- 
embedding of M^ into M4 := EM^(^)(/3,$) over Mo for £ = 1,2 and h is an 
automorphism of M4 over Mq mapping ^i(ai) to ^2(^2)- By the definition of 
orbital types, this gives tp^* (ai. Mo, Mi) = tp^* (02, Mq, M2) as required. 
2) This holds by 1.19(1) for 6* G (LS(J^),A), hence by 1.11(1) also for 6* = A (the 
assumptions of 1.11 hold as clause (a) there holds by the case above 9 < X and 
clause (b) there holds by 1.28(1)). 
2A) Should be clear: 

(a) by part (2) this holds if ai = 02 and Mi <^ M2 

(6) trivially it holds if there is an isomorphism from Mi onto M2 over Mq 
mapping oi to 02 

(c) by the definition of tp we are done. 
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2B) Should be clear by part (2). 

3) Clause (a) : 

By parts (1) + (2). 

Clause (h) : By 1.28(1). 

Clause (c) : By part (2A) and the definition of tp. 

4) Easy, too. ^4.4 

4.5 Definition. Assume Mq Mi M2,a < A and a G "(M2) and p = 
tp^* (o, Ml, M2). We say that p does not fork over Mq (for K*^) when, letting 
^0 = |«| + LS(.ft), ^1 =ni,i(n2(^o)+),^2 = 2^1,^2 = ^2(^1) we have: 

(*) for some <j^* Mq satisfying ||A^|| < 6*2 we have tp^^^ (,^[ii](«, Mi, M2) does 
not split over N. 

We now would like to show that there is Sa which fits Chapter III and Chapter IV 
and = -^v 

4-6 Observation. Assume that Mq Mi M2,a e "(M2),Q! < A, A > kq > 
\a\ + LS(.^),Ki = ni,i(n2(Ko)"'") and K2 = ^2{i^i)- Then the following conditions 
are equivalent 

(a) tpj^* (a. Ml, M2) does not fork over Mq 

(b) for some {k^, Ki)-convergent I C "(Mq) of cardinality > K2 we have 
tpjL^ ^^[^]{a. Ml, M2) — Av<fej(I, Ml) hence this type does not split over 
Ul' for any I' C I of cardinality > Ki 

(c) for every <^ Mq of cardinality < K2, if iPh^ ^-^^isiji'^j Mq, M2) does not 
split over A'" then the type tp^^ [j^](^, Mi, M2) does not split over N. 

4-7 Remark. 1) See verification of axiom (E)(c) in the proof of Theorem 4.10. 

2) Note that have we used ^7(^1)"'" instead of ki in 4.5, 4.6, the difference would 
be small. 

3) We could in clause (c) of 4.6 use "for some N <^ Mq of cardinality < ki, tpL^ [^j 
..." The proof is the same. 

4) We can allow below Mq <^ Mi if Mq e K>^^. 
Proof, (a) =^ (b) 

Let 9q, 61,62 be as in Definition 4.5. By Definition 4.5 there is N <^ Mq of 
cardinality < 62 such that 

(*)i the type tp^^ e^[ii](«, Mi, M2) does not split over N. 
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By Claim 1.26(1) there is a (k^, /?i)-convergent set I C "(Mq) of cardinality K2 
(convergence in Mq, of course) such that tp^^ [^] (a, Mq, M2) = Av<«;i (I, Mq). So 
as Mo Ml ^L<^_;,[^] M2, by Claim 4.4(2), clearly I is (k]^, Ki)-convergent 

also in Mi and in M2 hence Av<ki (I, Mi) is well defined. Hence, by Claims 1.23(2), 
1.21(3) the type Av<«i (I, Mi) does not split over Ul but $2 < ^2 and Ul C Ul U iV 
hence 

(*)2 Av<6ii (I) Ml) does not split over Ul U N. 
But also 

(*)3 ^Ph^ e -^1' -^2) doss not split over N (by the choice of N) hence over 

Ul UN. 

As Mo ^L^,,[i^] Ml and I U I U iV| < A and tpL^_,j^](a, Mo, M2) = Av<0,(I, Mq) 
clearly, by (*)2 + (*)3 we have tp^^ ^ j^j (a. Mi, M2) = Av<0^(I,Mi). 
Now there is a pair (M^, a') satisfying that Mi M^ e and d' e "(M^) 
such that tpL^ g [^](a'. Ml, M2) = Av<6)^(I, Mi) hence by the previous sentence 
tpL^^e,m{d',Mi,M^) = tpL^ ,j^](a,Mi,M2). Now by 4.4(1) and then 4.4(2A) it 
follows that tpL^ [^] (a. Mi, Mq) = ^^kki (I, Mi) as required. 

(b) ^ (c) 

Let I be as in clause (b), so I is (k^, «;i)-convergence in Mq and is of cardi- 
nality > Ki. We know that Mq -<Loo a[j?] -^i' t)y the previous sentence, I is 
(nf, Ki) -convergent in Mi. To prove clause (c) assume that <^ Mq is of cardi- 
nality K2 and tpiL^ [^](a. Mo, M2) does not split over A^. Hence Av<;t^(I, Mo) = 
tPL<^,,,[.s](a, Afo,M2) does not split over N. Again as Mq -<]l^^^[m] Mi we can 
deduce that Av<„;i(I, Mi) does not split over N but by the choice of I it is equal 

tpL^^j^](a,Mi,M2), so we are done. 

(c) => (a) 

By Claim 1.24 there is 5 C Mq of cardinality < K2 such that tp^^ [^] (a. Mo, M2) 
does not split over B. 

As we can increase B as long as we preserve "of cardinality < 1^2" , without 
loss of generality B — \N\ where N <^ Mo. So the antecedent of clause (c) 
holds, but we are assuming clause (c) so the conclusion of clause (c) holds, that is 
tPL<^,,j.s](a,Mi,M2) does not split over N. 

Also by 1.26(1) there is Ii C "(Mo) of cardinality which is (k^, Ki)-convergent 
and Av<^^(Ii,Mo) = tpL^^ j^] (a. Mo, Mi). Clearly m > 61 hence K2 = {^2)^^ . 
Now as K"^ is categorical clearly Mo = EMt-(^)(A, $) hence applying 1.25(4) we can 
find I2 C Ii of cardinality which is {9f, ^i)-convergent. As above Mq ^l^o kJJ?] 
Ml so we deduce that I2 is (6*^, 6*1) -convergent and {k^, «;i) -convergent also in Mi. 
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As above we have Mq ^l^c ^^IA] -^i 1-19(1) hence Av<k^ (I2, Mi) is weU 
defined and does not spht over hence is equal to tp^^ [^](a, Mi, M2). This 
imphes that Av<6ii (I2, Mi) = tpL^ ^ j^j (a, Mi, M2). 

Now choose I3 C I2 C Mq of cardinahty 6*2 and A3 <^ Mq of cardinahty 6*2 such 
that I3 C °(A3). Now by 1.23(2) we know that tpL^ [si] (a. Mi, M2) does not spht 
over I3 hence it does not spht over A3, so A3 witnesses clause (a). 04.6 

4.8 Definition. We define a pre-frame Sx = (^sa? UJ'^sT) follows: 

Sx 

(a) = 

(6) is defined by y^^'^M) := {tp^* (a, M,N):M <j^* A, a G A\M}, 

(c) yj = {(Mo,Mi,a,M3) : Mq Mi M2 and tp^* (a. Mi, M3) does 
Sx 

not fork over Mq}, see Definition 4.5. 



4.9 Remark. 1) Recall <SA=^>^t —^A*- 

2) Concerning the proof of 4.10 below we mention a variant which the reader may 
ignore. This variant, from weaker assumptions gets weaker conclusions. In detail, 
define the weak versions (/)~ of (/) of 4.1(2); see Definition 1.34 and Claim 1.37(1) 

(/)~ if (Mq, : a < 5) is <^-increasing continuous and a < S ^ M2a+i 

M2a+2 (e.g. M2a+2 IS <j^* -Universal over M2a+i) hence both are from 
then Ms e K^. 

Assuming only 4.1(1) + (f)~ we do not know whether is a A-a.e.c. but still 
{Kl, <ii \ Kl, <^*), see Definition 1.34, is a so called semi A-a.e.c, see Chapter N. 
If clause (/) from 4.1(2) holds (i.e., K^^ is closed under unions), we can omit 

3) It will be less good but not a disaster if we have assumed below A = sup(Cat^nA). 

4) It will be better to have = Kx; of courses, this follows from categoricity so 
by §3 is not unreasonable for conjecture 0.1. 

5) But we can ask only for M G Kg^ to be universal in ^x, 

6) We can ask that for every ^ > X large enough, for every M G for a club of 
N e Kx satisfying A <^ M we have A G Ks^. 

4.10 Theorem*. (Assume 4-1(2), (g) hence (f)). 
Sx is a good X-frame categorical in X and is full. 



Proof. We check the clauses in the definition III. 
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Clause (A) : 

By observation 4.2(3), [in the weak version using (f)~ from 4.9(1)]. 

Clause (B) : 

Categoricity holds by 1.16 (or 4.2(1)) and this implies "there is a superlimit 
model", the non-maximality by holds by the choice of 

Clause (C) : 

Observation 4.2(2) guarantee amalgamation, categoricity (of by 4.2(1)) im- 
plies the JEP and "no-maximal model" holds by clause (B). 

Clause (D)(a)Jb) : 

Obvious by the definition. 

(D) (c) (density). 

Assume M then there are a e N\M and for any such a the type tp^* (a, M, A^) 

belongs to y^^iM). In fact 

® 5\ is type-full 
(D) (d) (bs-stability). 

The demand means M E Kl ^ |^^.(M)| < A. 
This holds by 1.32(2) (and amalgamation). 

(£')(a), (b). By the definition. 

{E){c) (local character) 

This says that if {Mi : i < 6+1) is -increasing continuous andp = tp^^ (a, Ms, M^^i) G 
y^^{Ms) then for some i < 5 the type p does not fork over Mj (for 5^)- 

From now on (in the proof of 4.10) we use 4.6 freely and let (noting cf(5) < A as 
A is singular) 

Q Ko= LSi^)+ cf(5),Ki =ni,i(n2(Ko)) + ,«2 =n2(Ki). 

Now by 4.6 there is a (k^, Ki)-convergent I C Ms with Av<^^ (I, Ms) = tpL^_^^ [n] (a, Ms, Ms+i) 
such that I is of cardinality > K2- For some i{*) < 5, |I fl Mj(*)| > K2, so without 
loss of generality I C Mi(*), so by 4.6 we are done. 

(E) (d) Transitivity of non-forking 

We are given Mq Mi <s^ M2 <fi^ M3 and a e M3 such that tps^ (a, Mi+i, M3) 
does not fork over for £ = 0, 1. So for £ = 0, 1 there is li C M^ which 
is («]*", Ki)-convergent in M^+i of cardinality such that Av<k^ (I^, M^+i) = 
tPL<3„,,j[j^](a, ^^£+1, Afg). As Av<^^(Io,Mi) = Av<^^(Ii,Mi) (being both real- 
ized by a) because Mi -<i,^ ^[si] M2 by 4.4(4) clearly we have Av<ki (lo, -^2) — 
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Av<K^(Ii,M2) = tpL^ [j^] (a, M2, M3) all well defined. So Iq witness by 4.6 that 
tpL^ [(^] (a, M2, M3) does not fork over Mq, which means that tp^* (a, M2, M3) 
does not fork over Mq as required. 

{E){e) Uniqueness. 

Recalling 4.4(1), the proof is similar to {E){d); the two witnesses are now in Mq. 
(E){f) Symmetry 

Toward contradiction, recalling III. ^^^^600-1. 16E ^^^^ assume Mq <it* 
Ml <j^* M2 <sii Ms and ag e Me+i\Mi for £ = 0, 1, 2 are such that p£ = 
tp^* {a£, Ml, M^_|_i) does not fork over Mq for £ = 0, 1, 2 and tp(^* (ao, Mq, Mi) = 
tp4(a2,Mo,M3) but tp^*((ao,ai),Mo,M3) ^tp^.((a2,ai),Mo,M3). 

By 4.6 we can deal with pi = tp^^ [^j (a^, M^, M^_|_i) for £ = 0, 1, 2. For each 
£ < 2, we can find convergent li = {a^ : a < C Mq which is (k^,ki)- 

convergent such that Av<fi^(I^, M^) = pg. 

So as Mq -<Loo k [it] -^fc we deduce the set is (k^, Ki)-convergent in M^ 
for £,/c = 0,1,2, also Av<,,(Io,Mo) = Av<,,(l2,Mo) hence Av<,,(Io,M2) = 
Av<K^(l2, M2) so without loss of generality Iq = l2- 
Now use the non-order property to get symmetry. 

{E){g) Existence 

So assume M N and p G ^j^^(M). So we can find a pair (M', a) such that 
M M',a e Ml and p = tp^^ (a, M, M'). By 1.26(1) there is a (k^,ki)- con- 
vergent I C M of cardinality such that Av^^^ (M, I) = tp^^ [^j (a, M, M') . By 
1.26(3) + 4.6 there is a pair (A^', a') such that A', a' G N' and tpL^ (a'. A, A') = 

Av<^,(I, A). So by 4.6 the type tp^ Ja', A, A') easily G ^^'/(A), does not fork 
over A and extend p, as required. 

{E){h) Continuity 

Follow by III. ^^^600-1. 16A Alternatively assume {Mi : i < 5 + 1) 

is <s^ -increasing continuous, and a G M5_|_i\M5 and tpg^ (a, M^, M^+i) does not 
fork over Mq for z < 5. So there is a convergent 1^ C Mq such that i < S ^ 

tPL^,.[i?](«,^.,^5+i) = Av4l,M,). 

As above, without loss of generality 1^ = Iq. We can find a convergent I C Ms 
of cardinality > cf(5) -|- k, (recall cf(5) < A!) such that tp^^ ^[^j (a, Mq, M^+i) = 
Avk(I, Ms). So for some < d,\ln Mj(*)| > k so without loss of generality (by 
equivalence) I C Mj(-*). We finish as in {E){f). 

Axiom (E)(i) : 

Follows by III. ^^^600-1.15 04.10 
4.11 Exercise : Replace above Av<^,(I,M) by U{Avn^(^o)(I, M) : ( < (2'^°) + }. 
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5.1 Claim. Assume = 6'i = cf(6'i) < 6*2 = cf(6'2) < A. 

1 ) Then there is a linear order I of cardinality X such that: the following equivalence 
relation S = Sf^^ on has < 2^ equivalence classes, where 

Vi-^V^ iff there is an automorphism of I mapping rji to r]2- 

2) Moreover if I' I has cardinality < 62 and n < uj then the following equivalence 
relation S on has < n + equivalence classes: 

sS't iff there is an automorphism h of I over I' mapping s to t. 

3) Moreover, there is * proper for K^^* (i.e. * e TT^ofS], see Definition 0.11(5), 0.14(9)) 
withri"^) countable such that I = EM{^y{ll'^^^g^,^) where Ig^^ = (C, <, Pq, Pi), Pi = 
{a<C:(cf{a) <e2) = {i = 0)}. 

4) If Iq I has cardinality < 62 then for some Ii C I of cardinality < /U"*" + |/o | 
for every J Q I of cardinality < jj, there is an automorphism of I over Iq mapping 
J into 11- 

5) Ifim^l] 

i,'Ax/i+ cardinality < and h is an isomorphism from onto 
then there is an automorphism h of the linear order I = EM{<}(/^'^, \&) extending 
the natural isomorphism h from EM^^y{I^,'^) onto EM{<-}(/|, ^). 

Remark. 1) Of course, if A = A^^^ a^d / is a dense linear order of cardinality A 
which is ^-strongly saturated (hence ^-homogeneous) then the demand in 5.1(1) is 
satisfied (and in part (2) of 5.1 the number (of equivalence classes) is < 2^ for 
every x ^ [^o, ^2))- Also if A = ^ A^, 5 < 6*2 and i < 6 ^ Xf^'^ — X we have such 

i<S 

order. 

2) Laver [Lv71, §2] deals with related linear orders but for his aims /i,/2 are 
equivalent if each is embeddable into the other; see more in [Sh:e, AP,§2]. For a 
cardinal d and linear order / let O/^a = {cf(J): for some <7-decreasing sequence 
{ti : i < d) we have J = I \ {t & I : t <i ti ior every i < d}}. So ii d < /j, then 
{^^I)/Ef^^ has > |0/,a|- So we have to be careful to make ©7,9 small. We choose 
a very concrete construction which leads quickly to defining / and the checking is 
straight so we thought it would be easy but a posteriori the checking is lengthy; 
[Sh:e, AP,§2] is an anti-tlietical approach. 

3) We can replace di = ji^ by 9i = cf(^i) > i^o and "of cardinality < /i" by "of 

cardinality < ^1". 

4) In 2.8(1), 2.11(2) we use parts (l),(l)-|-(4) respectively. Also we use 5.1 in the 
proof of 7.8. 

5) The case 2'^ > A in 5.1(1) says nothing, in fact if 2'" > A then 2^ = A'' = 
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C^M for any model M of cardinality < 2^ but > 2, for any vocabulary tm- 
6) Claim 5. 1(1), (2) holds also if we replace fihy x ^ [a*; ^2)- 

Proof. 1) Fix an ordinal ^ ^ C < such that cf(C) = 62, e.g., C = A x 6*2 (almost 
always cf(C) > O2 suffice). 

Let Ii be the following linear order, its set of elements is {{£, a) : £ e {—2, —1, 1, 2}, 
a < C+co} ordered by (£1, cti) {£2, 0:2) iff -^i < £2 or £1 = £2 £ {-1, 2} Acti < a2 
or ii = £2 e {-2, 1} A tti > a2. 

For t e /i let t = (£*,«*). 

Let I2 be the set {77 : 77 is a finite sequence of members of Ii} ordered by 
Vi <i2 ^2 iff (3n)(n < £g{'qi) An< £g{ri2) A 771 f tt, = 771 \ n & 7/1(71) 7/2(71)) or 
7/1 <7/2 A£''2(^5(r;i)) e {1,2} or 7/2 < 7/i A ^''i^^^'^'^^)) ^ {-2,-1}. 

Let /2 be /| restricted to the set of 7/ e /| satisfying ® where 

® for no 71 < a; do we have: 

(a) £§{!]) > 71 + 1 

(b) a'^^'^^ is a limit ordinal of cofinality > 9i 

(c) a''('^+i) > C 

(d) £'^^'^^ e {-1, 2}, £^(^^+1) = -2 or e {-2, 1}, £^(^^+1) = 2. 

Let Mo be the following ordered field: 

(*)i (a) Mq as a field, is Q(ai : t E I2), the field of rational functions with 
{at : t E I2} algebraically independent 

(6) the order of Mq is determined by 

(a) ii t E l2,n < uj then Mq \= n < at 

{(3) if s t and 7i< w then Mq h "(os)'' < o^". 

(c) let M be the reaP (algebraic) closure of Mq (i.e. the elements 

algebraic over Mq in the closure by adding elements realizing any 
Dedekind cut of Mq). 

Now we shall prove that /, which is M as a linear order, is as requested. 

lEi each of /i,/! I2 is anti-isomorphic to itself. 

^in fact, we could just use Mq 



CATEGORICITY AND SOLVABILITY OF A.E.C., QUITE HIGHLY 



77 



[Why? Let : /i — > /i be g{t) = clearly it is an anti-isomorphism of 

/i. Let ^ : /| — > be defined by ^(77) = {g{'q{m)) : m < ig{rj)), it is an anti- 
isomorphism of /|. Lastly g maps I2 onto itself, in particular by the character of 
clause (d) of ®, i.e. the two cases are interchanged by g] 

^2 (o) /i, /|, /2 have cofinality b^o- 

(6) if t e /2 then l2,<t '-=12 \ {s '■ s t} has cofinality '^q. 

[Why? For clause (a), {(2, A + n) : n < w} is a cofinal subset of Ii of order type u) 
and {<t>:ie/i}isa cofinal subset of /I ^^d of I2 of order type being the same 
as Ii. For clause (b) for r] e I2 the set {?7"((— 1, A + n)) : n < a;} is a cofinal subset 
of l2,<r] of order type a; by □ below.] 
Now 

□ if ?7 satisfies ® and £ e {1,-1} then also r]''{{£,a)) satisfies ® for any 
a < A + a;. 

[Why? By clause (d) of ® as the only value of n there which is not obvious is 
n = £g{ri) - 1, but to be problematic we should have £(^"<(Aa)>)(n+i) ^ {-2,2} 
whereas £ = —1.] 

KI3 ii d = ci{d) so 5 is 0, 1 or an infinite regular cardinal and f] = {iji : i < d) 
is a </2-decrcasing sequence and we let Jfj = {s E I2 '■ s <i,^ rji for every 
i < 3} then (clearly exactly one of the following clauses applies) 

(a) if J^^ = then 9 = 

(b) if cf(J^^) = 1 then a = Ko 

(c) if cf(J^;) = Ko then a < ^1 

(d) if Ki < cf(J^;) < 9i then 9 = and for some £ e {-l,2},z/ e I2 
and ordinal 5 < C of cofinality cf(Jj^) the set a)) : a < 5) is an 
unbounded subset of 

(e) if 01 < ci{Jfj) then d>6i and moreover d — 62^ cf(Jj^) = 62- 

[Why does KI3 hold? The proof is split into cases and finishing a case we can then 
assume it does not occur. 

Clearly we can replace fj hj {rji : i & u) for any unbounded subset u of d and 
by {ui : i E u) if r/<^2i+i —h VC2i (Ci • ^ < 9) an increasing sequence of 

ordinals < d. We shall use this freely. 



Case : 9 = or 9 = 1. 

By KI2 clearly clause (c) of IEI3 holds. 
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Case 1 : d = 'i^o and there is i/ e such that (Vn < u!){3i < d){rii \ rKu). 

Let Ui = igirji n i/), it is impossible that {i : Ui = k} is infinite for some k, so 
without loss of generality {ui : i < u) is an increasing sequence and no > 0. 

For every i < a; we have p \ {jii + l) < ry^+i and rji, so by the definition of 

</2 also u \ {ni + 1) rji, and we choose (3rn < C + so that (—2, <7^ i^{ni) 
hence letting pi — u \ n^" ((— 2, we have pi e 12- This can be done, e.g. 
because we can choose Pm such that Pm = a'^^"*^ + 1 if = —2 and /^n^ = 

otherwise. 

For every i,j < u we have pi^i Vi+i Vi-i so if i < j then 

Pi <i2 Pj <i2< Vj, and if i > J then pi rji rjj, so Pi e Jfj. 

Now {pi : i < uj) is </2 -increasing also it is cofinal in Jj^, for ii p e Jfj let 
n = £g{p n v), so for z < co such that Ui < n < n^+i we have p rji+i so 
p{n) ?7i+i(^) = Pi+i{^) and as p \ n = u \ n = pi+i \ n we have p <i,^ pi+i. 

As {pi : i < uj) is of order type u clearly cf(Jfj) = i^o = ^ hence clause (c) of IEI3 
applies, and we are done. 

So from now on assume that case 1 fails. 

As £g{r]i) < oj and as not Case 1 without loss of generality for some n, we have 
z < 5 =r- igiiji) = n. Similarly without loss of generality for some m and v & I2 
we have i < d ^ rji \ m — v and {r]i{m) : i < d) with no repetitions so m < n. 
Without loss of generality i < d =^ ^ (q:'?<("^) : i < d) \s with 

no repetitions; and without loss of generality is monotonic hence, as 9 > is an 
increasing sequence of ordinals. As f] is </2 -decreasing necessarily i* e {—2, 1} and 
let 5 — \j{aP^^'^^ : i < d}, so clearly ci{5) = d and 5 is a limit ordinal < C + '^- Now 
those £*, 5 will be used till the end of the proof of KI3. So for the rest of the proof 
we are assuming 

(a) i<d^r]i\m = iy' 

(b) {r]i{m) : i < d) is (strictly) increasing with limit S 

(c) ^'?*("^) =i* e {-2, 1} 

(d) d{6) = d,5<C + uj. 

Alsonoteby ®thatzy^((r,5)) ^ h ^ S e {C + w,C}and if 5 = C Au^ {{t , S)) ^ h 
then (■g{i') > and the ordinal limit of cofinality > di (and more). 

Case 2 : Jf^ = 0. 

Clearly m — OAi"" — —2A6 — C + lu hence d — so clause (a) of IEI3 holds. 

Case 3 : £* = 1 and iy^{{e*,5)) ^ h- 

As = 1 clearly we cannot have 5 = C, hy clause (d) of ® so 5 = C + and 
recalling d = cf(5) we have d = Kq- Now clearly Jf^ has a last element, u, so case 
(b) of IEI3 applies. 
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Case 4 : t = -2, 9 = «o and v^{{e,5)) ^ h- 

Again 5 = C,+ujd&'^Q = d = ci{5) and cf(C) = ^2 > A* > niaking 5 = C, 
impossible; now lg{v) > (as we have discarded the case Jfj = 0, i.e. Case 2); and 
let k = lg{v) — 1. Now we prove case 4 by splitting to several subcases. 

Subcase 4A : r^'^) G {-2, 1}. 

Let vi = {u \ ky{{t^^\ a""^^^ + 1)), note that e h 1^ e h ^ K^''^ < C = 
+ 1 < C) and (as l"^^^ e {-2, 1}) clearly {p : < p e h) is a cofinal subset of 
Jf^ even an end segment. Now for n < a; we have z/i"((2, ^ + n)) G /| and it satisfies 
®. (Why? As vi G I2, only n = k may be problematic, but a'^^'^^ + 1 = a^^^'^^ here 
stands for a^^"^) there hence clause (b) of ® does not apply), so by the definition 
of /2, clearly {z/i"((2,C + n)) : n < cj} is C /2 and is a cofinal subset of Jfj so 
5 = i^o = cf( Jjj) and clause (c) of KI3 holds. 

Subcase 4B : i^^'^^ G {—1, 2} and a^^'^^ is a successor ordinal. 

Let ui = {ly \ k)" a'^^'^^ - 1)), of course Ui G /| and as u E I2 clearly 

vi G I2 so the set {p : z^i < p G is an end segment of Jfj and has cofinality 
because n < a; =^ zyi"((2, C + n)) G h- (Why? It G and as i^i G /2 checking ® 
only n = k may be problematic, but (£^('=),2) here stand for (e^in) jv(n+i)^ 
but presently i"^''^ G {—1,2} contradicting clause (d) of ®). So clause (c) of KI3. 

Subcase 4C : T^'^) G {-1,2} and a"'^''^ = 0. 

Then let ui ^ {u \ k)^ {{r^''^ -1,0)). Now ui e h as u f /c G /2 and forn = A; - 1 
clause (c) of ® fails and ui" {{2,( + n)) G /2 because of ui G /2 and for n = A; the 
failure of clause (b) of ® so continue as in Subcase 4B above. 

Lastly, 

Subcase 4D : T^'^) G {-1,2} and a"'^'''^ is a limit ordinal. 

Then {{u \ kY{{t^^\a)) : a < ct^^'^)} is C and is an unbounded subset of 
Jfj hence cf(Jj^) = cf(Q;''('')). If cf(Q;''(''^) = Kq, then clause (c) in KI3 holds, and 
if cf(Q:^*^'^)) G [^^l,6'l) then necessarily a^^^^ 7^ C so being a limit ordinal < C, + uj 
clearly a^^^^ < C, so clause (d) from IEI3 holds. To finish this subcase note that 
cf(a^*-^-') > 9 1 is impossible. 

[Why "impossible"? Clearly for large enough i < d we have 'r]i{m) > ( (because 
5 = + UJ as said in the beginning of the case) and recall u<r]i G l2- We now show 
that clauses (a)-(d) of ® hold with 77^, k here standing for 77, n there. For clause (a) 
recaU eg{r]i) > eg{u) + 1 and m = £g{iy) = k + l. Now ^^J^C^+i) = e^dm) = = _2 
as i* = —2 is part of the case, £'^^^^'^ = ^""^^^ e {—1, 2} in this subcase, so clause (d) 
of ® holds. Also 0;^^*^'^+^) = a''**^™') > C as said above so clause (c) of ® holds and 
cf(Q;''"*^'^-') = cf(Q;^*^'^^) > 61 (as we are trying to prove "impossible"), so clause (b) 
of ® holds. Together we have proved (a)-(d) of ®. But rji G I2, contradiction.] 
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Now subcases 4A,4B,4C,4D cover all the possibilities hence we are done with 
case 4. 

Case 5 : t = -2,d> and z/'((r,5)) ^ h- 

Recalling 6 is the limit of the increasing sequence (q!^*^"^) : i < d) hence cf(5) = 
d > 'i^Q and zv"((-2, 5)) ^ I2, necessarily S = ( so d = 92- As iy^{{-2,d)) ^ I2 
necessarily clauses (a) - (d) of ® hold for some n and asf & I2, clearly n = lg{y) — 1 
(see clause (a) of ®) so we have Igiy) > 0, and letting k = Igiy) — 1, by clause (d) 
of ® the £^("-+1) there stands for t = —2 here so we have e {—1, 2} and by 
clause (b) of ® we have cf(a'^('=)) > Oi. Hence {{u \ ky (3)) : (3 < a'^(^)} is 

cofinal in Jfj and its cofinality is cf(a^('=)) as (z/ \ k)" 13)) increase (by <iy) 

with (3 as r^^) e {-1,2}. But cf(a^('=)) > di and 8 = 62 (see first sentence of the 
present case), so clause (e) of KI3 holds. 

Case 6 : z/^((r,5)) G h- 

Subcase 6A : z/^((r, 5), (2, C)) G /2. 

Note that for m = £g{i') and the pair (z^"((£*,5), {2,Q),m) standing for {r],n) 
in ®, clauses (a),(c),(d) of ® hold (recall £* e {—2, 1}, see the discussion after case 
1) so necessarily clause (b) of ® fails hence ci{5) < 9\ but d — d.{5) so d < 9i. 
Now as //'((r,5), (2,0) G h clearly if £ < w, then v^{{t,5), (2,C + ^)) belongs to 
I2 hence {//'((£*, 5), (2, C + £)) : I < 00} is a cofinal subset of Jfj by the choice of I2 
hence cf(Jij) = so clause (c) of KI3 applies. 

Subcase 6B : {{£* ,5),{2,0) i h- 

As S)) G /2, necessarily clauses (a)-(d) of ® hold with (//"((£*, 5), (2, C))i^) 

here standing for (77, n) there, recalling m = £5f(z/) so by clause (b) of ® we know 
that d{5) > Oi but d = d{S) hence d > 9x. Also {y" {{t , 5), (2, «)):«< C} is a 
subset of I2 and cofinal in Jf^ and is increasing with a so d{Jfj) = 62 so clause (e) 
of KI3 applies. 

As the two subcases 6A,6B are complimentary case 6 is done. 

FiuisIiiiiR the proof of 

It is easy to check that our cases cover all the possibilities (as after discarding 

cases 0,1, if not case (6) then «/"((£*, S)) ^ I2, as not case (3), i* ^ 1 but (see clause 
0(c) before case 2), i* G {—2, 1} so necessarily £* — —2, so case (4), (5) cover the 
rest). Together we have proved KI3.] 

KI4 recall Kq < /U < ^1 < ^2; if ^ ^ -^2, 1^1 < ^2 then we can find Y such that 
X C Y C /2,|1^| = //+|X|,yis unbounded in I2 from below and from 
above and for every 1/ G /2\^ the following linear orders have cofinality ^q: 

(a) 4, = /2 Kry G hXY : (Vp G Y){p <i, u ^ p ry)} 
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(b) the inverse of Jy 

(c) Jy^^ = h\{vel2:{ypeJl,){v<i,p)} 

(d) the inverse of Jy^^ := I2 \ {ij e h : (Vp G Jy^^){p <i2 v)}- 

[Why? Let ^ = {a"^^^ : r] E X and £ < eg{rj)}. 
We choose Wn by induction on n < a; such that 

□1 (a) ^ C W„ C C + a; 

(b) Wn has cardinahty iJ,+ \^\ = 11+ \X\ and m < n =^ Wm Q Wn 

(c) C Wo and C + n E Wq for n < a; 

(d) aeWn^ a + 1 e Wn+i 

(e) a + 1 e W"„ ^ a e Wn+i 

(/) if 5 e is a limit ordinal of cofinality < di then 5 = sup{5 fl Wn+i) 

(g) if SeWn and d(5) > 9i (or just d(S) <ii+\X\) then 
sup(5 n W"„) + 1 e Wn+i. 

This is straight. Let W = U{Wn : n < u}, so 

□2 C W and \W\= 11+ \X\ and W satisfies 

(a) WCC + o; 

(6) |W| < 02 

(c) e W and {C + m : m < a;} C W 

(d) a eW ^ a + 1 eW 

(e) if 5 G W and Kq < cf(5) < then S = snp{W f] S) 

(/) ifSeW and cf(5) > Oi or cf(5) = then cf(otp(W n 5))) = Hq. 

Let Y = {r] e h : a"^^^ e W for every £ < £g{ri)}. Clearly X C y and \Y\ = 
^^0 + = A* + I'^l < ^2- It suffices to check that Y is as required in KI4. From 
now on we shall use only the choice of Y and clauses (a)-(f) of □2. By [112(c) and 
the choice of Y clearly Y is unbounded in I2 from above and from below. 

So let v e l2\y, nsv \ Q eY there is n < £g{i') such that v \ n eY,v \ {n + l) ^ 
y , so a^'^'^^ < C + and a'^^") ^ W, but by clause (c) of 02 we have {C + m : m < 
cj} C hence a^'''^^ < ( and so ai := Min(W\Q;'^("')) is well defined, is < C and 
> a''^'^^ As clearly e W, P e W ^ P + 1 e W hj the choice of W, obviously cti 
is a limit ordinal. By clause (c) of 02 clearly ai is of cofinality or > ^1 = p~^. 
So clearly ao := sup(l¥ fl = sup(W fl cti) = minjo; : W H a ^ W n a^^^-^ 
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is a limit ordinal < a'^^'^^ and ao ^ W so cf(Q;o) ^ \W\ < 62 but by the assumption 
on W, (see clause (f) of Hs) we have cf(ao) = So {u \ n)^((£'^(^), ao)) e J^y, 
moreover 

□3 p & Jy V P ^ h satisfies one of the following: 

(a) (i) z/ tn = p f ?i, andr^'^) 

(6) ii) z/ tn = p fn, andr('^) =£^("\ 

(n) = ai and G [sup(M^ n C), C) 

(m) (M'^+i), £pH) = (£P(ni)^ ^ 1(2^ _2), (2, 1), (-2, -1), (-2, 2)} 

(c) (i) ai = C and n > ^ and (z/ f n)" ai) i h 

{ii) (r(-), G {(2, -2), (2, 1), (-2, 2), (-2, -1)} 

(m) cf(z/(n)) > 01 and z/(?i) > sup(VF fl z^(n)) 
[iv) p \ in-l) = p \ {n-l), £''("-1) = r('^-i) 
{v) aP('^-i) e [sup(zy(n - 1) n W), v{n - 1)). 

[Why? First note that if p G Jy^^ and p \ k = v \ p{k) 7^ i'{k)^ and k < n 
then necessarily k = n A ^^^'^^ = Wc now proceed to check "if. Let / : 

{-2,-1,1,2} ^ {2,-2} so that f-H{2}) = {-2,1} and /-H{-2}) = {-1,2}. 
Case (a) is obvious. In case (b) in order for 77 G y to separate between 1/ and p 
it is necessary that ry f (n + 1) = p f (n + 1), £^(^^+1) = = and 

that > C, but then r] ^ h- In case (c) in order to separate between p and 

by ?7 G y there are two possibilities. Either t] \ n = u \ n and then = 
iu{n) ^ that z/ \ ^ /2), and > C, but then 

also r] ^ I2. The other possibility is that r] \ {n -1) = u \ {n -1), £^('"-1) = i^i^-^) 
and a = a'^^'^~^^ is such that a G W and a^*^'^"-'^) < o; < a^^'^~^^ which is also 
impossible by the choice of af^'^~^\ Showing that these are the only cases (the 
"only if direction) is similar and is actually done below.] 

Now we proceed to check that clauses of KI4 hold. 

Clause (a) : 

First assume r(^) G {-2, 1}, and let J ^ {i^ \ {{r^''\ ao), (2,C+to) : m < w}. 
Now J C I2 [why? clearly if p G J then p |~ (n + 1) G /2 so we only need to 
check ® for n, recall that cf(Q;o) = < ^i, hence clause (6) of ® fails]. Now by 
clause (a) of Hs we have that J C Jy-^^, and we claim that it is also cofinal in it. 
[Why? Note that as T^'^) G {-2, 1} then ly \ n^{{t^''\ao) ly \ {n + 1), and if 
p G Jy^ is as in clauses (a) or (b) of Hs then for every m large enough p v \ 
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n^((r(^), ao), (2, C + m)). If p e J^^^ is as in clause (c) of then e {-2, 2} 
by (ii) there, and as in this case £^^'^^ G {—2, 1}, necessarily = —2 and so by 
(ii) of (c) of 03 we have £"^("-1) g {—1,2}, but then p v and so it is below 
every element in J.] 

Second, assume r^'^) G {-1, 2} and z/ f ((r^"), ai)) G /s; let 5* = sup(VrnC), 
so as above 5* ^ W, and has cofinality (which is less than ^i), recall also that 
cf(ai) > ei. So(for£G {-2, -1, 1, 2}) by ® we have (z^ f ai), (£, G /2 

iff /? < C A £ G {-2, -1, 1, 2} or (C < < C + ^ A £ -2). Hence we have (zv \ 
n)"((r(-),ai),(-2,/3)) g ^ /? < C Also (// \ n) " ((H"), ai), (-2, G F ^ 
/3 G andasz/(n) < cuAr^^^ G {-1, 2} clearly z/ (z/ f n) ^ ((r^'^), ai), (-2, /?)). 
Easily {(z^ f n)"((r("), ai), (-2,£)) : £ G W^nC)} is a subset of {ry G F : z^ ry} 
unbounded from below in it. 

So {(zv r n)^((r("),ai),(-2,5*),(2,Q;)) : C < « < C + is included in /s 
(recalling clause (b) of ® as ci{5*) = Mq) and moreover is a cofinal subset of Jy^y 
of order type co, so cf(J|'j^) = as required. 

Third, assume G {-1,2} and (z/ f n)'^((r(^\ ai)) G /a and cf(ai) < 6i, 

equivalent ly cf (a i) = by clause (e)ofH2. In this case {(z/ \ n)^ {{i'^^'^\a){—2, /3)) : 
C < (3 < C + uj} is included in I2 (recalling clause (b) of ®) and in Y, hence recalling 
□3(a) the set {{ly \ n)" {{£'^^'^\ a)) : a G [q;o,ch)} is a cofinal subset of Jy^^ hence 
its cofinality is cf(Q!i) = ^0 as required. 

Fourth, we are left with the case r^""^ G {-1, 2} and (zv \ n)"((r("\ cti)) ^ h so 
necessarily n > and clauses (a)-(d) of ® hold for it for n — 1; then by clause (c) of 
® (recalling ai < ( as shown before Hs) necessarily ai — (. Clearly k := n — 1 > 
and as clause (d) of ® holds and it says there g {2, -2}" which means 

here G {2, -2} but we are assuming presently G {-1, 2} hence = 
£:y{k+i) = 2 SO using clause (d) of ®, see above, it follows that i^^'^^ G {—2, 1} and by 
clause (b) of ® we have cf(a'^('=)) > 61. Let = sup(W^ n a^^'^)). Now if < a"^''^ 
then by clause (f) of B2 we know d{6^) = and {(z/ \ /c) ^ ((r^'^), 5*)(2, C + m)) : 
m < a;} is included in I2 (as v & I2 and 5* < a'^^^^ we have to check in ® only with 
k +1 here standing for n there, but cf(5*) = ^^o so clause (b) there fails) and so 
recalling ^3(0) this set is a cofinal subset of Jy^ exemplifying that its cofinality is 

Lastly, if 5* = a^^'') then ((z/ \ nY {{t^'^\a)) : a G Vl^nC) is < 73 -increasing with 
a, all members in y, and in Jy- j^, cofinal in it and has order type otp(VF PK^) which 
has cofinality Kq so also Jy- has cofinality Kq as required. 

Clause (b) : What about the cofinality of the inverse? Recall that I2 is isomorphic 
to its inverse by the mapping (£, /3) 1-^ {—£,P), but this isomorphism maps Y onto 
itself hence it maps Jy^, onto Jy^f for some u' G /2\^, but clause (a) was proved 
also for u' , so this follows. 
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Clause (c) : As Y is unbounded from below in I2 (containing {((—2, C+^)) '■ n < ^}) 
it follows that Jy^, is non-empty, hence cf(Jy 7^ 0, but what is cf(J^j^)? 

First, if r^") e {-1,2} then {{1^ \ a)) : a < cto} is an unbounded 

subset of ^ of order type ao hence cf(J^j^) = cf(Q;o) = ^0 (see the assumption 
on W and the choice of ao)- 

Second, if r ^'^^ = {-2, 1} and (z/ \ n)^((r('"\ ai)) G h and cf(ai) > 61 then as 
in the proof of clause (a) we have {{v \ n)" cti), (2, ( + m)) ^ /2 for m < a; 
and again letting 5* = sup(W^nC) we have {{v t n)^((r("), ai), (2, /?)) : (3 e WnQ 
is included in I2 and in Jy ^ and even is an unbounded subset of Jyi, of order type 
otp(VF n 5*) which has the same cofinality as 5* which is Kq. 

Third, if T^"") G {-2,1} and {u \ n) ^ ((r^'^), ai)) G h and cf(ai) < ^1, equiva- 
lently cf(ai) = Kq, then {{v \ n)" cti), (2, C, + m)) : m < w} is a subset of I2 

(as cf(Q;i) = Ko) is included in Jy y, unbounded in it and has cofinality Kq, so we 
are done. 

Fourth and lastly, if r(^) G {-2,1} and {v \ n)"((r("), ai)) ^ h then as in 
the proof of clause (a) we have — Q and again letting 5* = sup(VF fl Q we have 
cf(5*) = Ko and {v \ nY 5*)) G /a and {{v \ n)"((r('^), 5*), (2, ( + m)) : 
m < a;} is a subset of /2, moreover a subset of Jy^ unbounded in it and [f \ 

n)^ 5*), (2, ( + m)) is </2 -increasing with m. So indeed Jy^^ has cofinality 

Clause (d) : As in clause (b) we use the anti-isomorphism. 
So ^4 holds.] 

KI5 if I' ^ I2 then the number of cuts of /' induced by members of l2\I', that 
is {{s e r : s <i^t} :t e hV'} is < |r| + 1. 

[Why? Let ^ := {a''(^) : £ < ig{r]) and G /'}, it belongs to [C + w]^^. 
Now (by inspection) 771,772 £ I2\I' realizes the same cut of /' when: 

(a) egivi) = igiV2) 

(b) = for n < eg{r]i) 

(c) G <^ G ^ =^ = a^^^^) for 7i < a; 
{d) (3 < a'Ji^^) = /? < q;''2(^) for /? G ^ and 71 < o; 

[Why? Now clauses (a)-(d) define an equivalence relation on /2\/' which refines 
"inducing the same cut" and has < \'^^ \ + ^0 — + ^0 equivalence classes. As 
the case /' is finite is trivial, we are done proving IEI5.] 

Kle if d is regular uncountable, n* < uj and tg/ G /2 for e < 9, £ < n* and 
^£,0 <i2 ■ ■ ■ <i2 ^£,n*-i for £ < 9 then for some unbounded (and even 
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stationary) set S C d^m < n* and = A;o < A;i < . . . < A;^ = n* stipulating 
t£,km — °° letting e(*) = Min(S') we have: 
(a) for each i < m: 

{a) if £ < ^ are from S and £i,£2 £ [ki-, ki^i) then te,e.i <i2 t^^e^ or 
(P) if e < ^ are from S and £±,£2 £ [ki, ki+i) then t^^i^ ts/j^ or 
(7) ki^i = ki + 1 and for every s & S we have t^^ki = ^e(*),fci 
(6) there is a sequence sf : i < m) such that 
(a) i<m^ s~ 

if z < m — 1 then sj' < s~^^ except possibly when (tg,/c. : e < d) 
is </2 -decreasing and there is no t e I2 such that s < d =^ ts,ki <i2 
t </2 te,ki+i^ hence (by KI3) we have d > $2 

(7) for each i < m the set {tg^^ : e E S and £ e [fcj, is included 

in the interval (s^, sf)i^. 



[Why? Straight. For some stationary Si C. d and {uk : k < n*) we have 
e e Si A k < n* ^ ig{te,k) = rik- Without loss of generality also (i^^'^ii) ■ 
i < Uk) does not depend on e e ^i. By Uk application of 5 — > {d,uj)^, 

without loss of generality for each k < n* and i < Uk the sequence (0:*= '=*^*) : e e ^i) 
is constant or increasing. Cleaning a little more we are done. 
So Kle holds.] 

Lastly, recall that we chose / to be (|M|, <^), where M was the real closure of Mq 
and (see (*)i), Mq the ordered field generated over Q by {at : t e I2} as described 
in (*)i above and for every tt C ^ let: 

(*)2 (a) Il = {{e,(3)eh: (3 eu or 13 e[C,C + Lo)} 

(6) /*.2 = {?y G /I : a'^^^^ G for every i < ig{r])} 

(c) 1^ = {1] e I2 ■■ oi^^^^ G for every I < ig{r])} 

(d) lu = the real closure of Q(at : t e I^) in M 

(e) for t e hXll let 

^u,t = -^2 \ {s e h s ^ I'l and for every r G 
we have r t = r s} 

if) for X G /\/. let 

-fw.a; = I \ {y e I : y ^ lu and (Vo G /„)(a <i y = a <i x)} 

(g) let be the set U {/„,a '■ ci ^ ordered by: x <j y iff 
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one of the following holds: 

(a) x,y e lu and x y 

{/3) X e Iu,y = Iu,b and x b 

(7) X = Iu,a, y^Iu and a </„ y 

{5) X = Iu,a, y = Iu,h and a h (can use it more!) 
(note that by KI5, |tt| < =^ < //). 

Now observe 

(*)3 for It C is unbounded in I2 from below and from above. 
We define 

(*)4 we say^ that u is //-reasonable if: 

(a) w C C, 1^1 < 62 and /i Qu 

(b) a&u = a + l& u for every a 

(c) if 5 e tt and < cf(5) < then 5 = sup(w fl 5) 

(d) if 5 < C and ci{6) > jj, then cf(otp(5 n w)) = Kq. 

Now we note 

(*)5 ifXC / has cardinality < 6*2 and C ^ has cardinality < 62 then we can 
find a //-reasonable u such that X C and it* C tt and \u\ = // + |X| + \u^\. 

[Why? By the proof of ^4-] 

(*)6 if u is /i-reasonable then Y :— satisfies the conclusions of IEI4. 

[Why? By the proof of KI4, that is if tt+ := u\J {C, + n : n < uj} then Y as defined in 
the proof there using m+ for W , is from (*)2(c), and it satisfies demands (a)-(f) 
from 02 so the proof there applies.] 

(*)7 if u is /i-reasonable and x e I\Iu then cf(/„^a;) < '^q. 

^we may in clauses (e) + (c) replace /x by /U + |^|, no harm and it makes (c)(/3) of (*)i, 
redundant 
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Why? The proof takes awhile. Toward contradiction assume d = cf{Iu^x) is > 
and let {be '■ s < d) be an increasing sequence of members of Iu,x unbounded in it. 
So for each e < d there is a definable function /e(xo, . . . , 2;„(g)_i) where definable of 
course means in the theory of real closed fields and t^fi te,i <i2 ■ ■ ■ <i2 ie,n(e)-i 
from I2 such that M ^ "6e = /e('^te,o; • • • » '^te n(e)-i)" ^^^^ ^(^) minimal. As 
Th(M) is countable and 'i^o < d = cf(9), without loss of generality £ < d ^ fe — 
so e < d n{e) = n(*). 

Apply Kle to = (tg,^ : £ < n{*)) : e < d) and get 5" C 9 and = fco < ^1 < 
. . . < km = 'n{*) and {{s~ , s^) : i < m) and e{*) = Min(S') as there. Without 
loss of generality the truth value of "tg^ G for e E S, depends just on I. Let 
wi ^ {i < m : {\le e S){ts,ki = te{*),ki)},u)2 ^ {£ < n{*) : ts{*),i G /^}; clearly 
for every I < n{*) we have (Ve e S){te,(. = ie(*),£) G {fcj : z G wi} and 

i Ewi^ ki + l = ki+\. 

Let t^. = te,ki for (e < 5 and z G wi). Renaming without loss of generality 5 = d 
and e{*) = 0. 

We have some free choice in choosing (6g : £ < d) (as long as it is cofinal in Iu,x)j 
so without loss of generality we choose it such that n(*) is minimal and then \wi\ 
is maximal and then \w2\ is maximal. 

Now does the exceptional cae in {h){f3) of Klg occurs? This is an easier case and 
we delay it to the end. 

As I2 and l2,<t for t E I2 have cofinality (see Kl2(a), (b)) and KI3 and this holds 
for the inverse of I2, too, while d — cf{d) > and we can replace {bg : e < d) by 
(6„(*)_i_g : £ < 9) we can find tg^i {£ < n{*)) such that 

© (a) ^9,0 <i2 id,i <i2 ■ ■ ■ <I2 *9,n(*)-l 

(b) if £ < C < a and £1,^2 < n{*) then {te,i^ td^t^) = (te,e^ Ki^ ^,£2) 

and (ta,£i <l2 te,i2) = {tui < ^e,l2) 

(c) if £ G [ki, kij^i) then td^i G (s~, s+)72. 

Case : {0, . . . , m — 1} = tui. 

This implies z<m^/ci + l = fci+i hence m = n hence £ < n ^ t^^£ = t| and 
so contradicts "(feg : £ < 9) is increasing" (as it becomes constant). 

Case 1 : [0,m)\wi is not a singleton. 

It cannot be empty by "not case 1". Choose G {0, . . . ,m — and for 

s,^ < d let f^'^ = {t^'^ : £ < n{*)) be defined by: t^'^ is ts,e ii £ E /ci(H<)+i) and 

t^^i otherwise. Let b^,^ = /*(a.e,?, . . . , a.^,? ) G M. 

n(*) — 1 

Clearly 
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®o for any £i, £2, Ci, ^2^9 the truth value of ^^^^^^ < b^^^^^ depend just on the 
inequahties which (si, £2, Ci) C2) satisfies and even just on the inequahties 
which the tei,£,te^,e,t^i,£,t^.2,e < n{*)) satisfy. 

[Why? Recall {{ts,e : £ < n{*)) : e e S) is an indiscernible sequence in the linear 
order I2 (for quantifier free formulas) and M has elimination of quantifiers.] 

®1 /\ £(0) <ee< £(1) <d^ 6^(0) <I be,,e^ <I 
1=1,2 

[Why? By (Do the desire statement, 6g(o) </ &ei,e2 </ ^e(i) is equivalent to feg^o) < 
^ei,ei < ^e(i) which means feg^o) < ^ei < ^e(i) which holds.] 

®2 ^0,2 </ 

[Why? Otherwise 61 </ 60,2 hence £ G (0, 9) =^ 6g </ 6o,e+i </ (by ®o + ®i) 
so (60, £ : £ e (1, 9)) is also an increasing sequence unbounded in I^^x contradiction 
to "tui maximal".] 

®3 ^0,2 < ^>1,2- 

[Why? By ®o + ®2 we have 60,4 < ^1 and by ®i we have hi < 62,4 together 
^'0,4 < ^2,4 SO by ®o we have 60,2 < ^1,2-] 

But then {h^^Q : e < d) increases (by ®3 + ®o) and e < d =^ bg = bg^g < bg+i^g < 
6e_|_2 (by ®i and ®2 respectively) hence is an unbounded subset of Iu,x contradiction 
to the maximality of \wi\. 

Case 2 : m\wi = {0, . . . , m — is 

Subcase 2A : For some i < m^i ^ and j := ki ^ W2- 

Choose such i with \i — maximal. For any s let tg^i^s be tg^i if £ ^ j and be 
s if £ - j. 

Let I' — {s E Iu,t^(^,) J • ^£(*),i realize the same cut of {tg^^ : £ < 9, £ 7^ j}}, note 
that /cj+i = kj + 1. Recalling Kl2(6), the cofinality of /2,<t^(,) ^ is No and also the 
cofinality of the inverse of /2,>t^(,j ^ is No recalling the choice of ((s^, s^) : i < m) 
there is an open interval^ of I2 around te(*),j which is C Note that /' is dense 
in itself and has neither first nor last member by IEI2 + Kl4(a), (6). 

As /* is definable, by the choice of Mq and M and of /' C ^ "^^ have: 

if £ < 9 A s G /' then te(*),j and s realize the same cut of U {tg^i : e < d^j ^ 
£} hence f^{. . . , a^^ ^ ^, . . . )^<n, bg realize the same cut of lu which means that 



if we allow +00, —00 as end points 
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/*(... , ^ ^, . . . )£^ri G Iu,x hence by the choice of {be : e < d) we have (3^ < 

So again by the definabihty (and indiscernibihty) 

(1)4 sKdAsel' ^ f!f{... ,at^,^,...) <bs+i. 

As /' is dense in itself, what we say on the pair (s, te(*)j) when s E I' As ^s{*),j 
holds for the pair (te(*)j, s) when s & I' A t£(*),j <i s so 

®5 e<dAser^bs< f^{. . . , at^^,,^^, ...) 

(more fully let si <i.^ te{*),j <i-2 -^2 and si,S2 G /' then the sequences (tg^£ : 
I ^ < n{*)Y {siY {te+i^t : i ^ jj < n(*))^(t,(,),,) and {te,i : i ^ jj < 
n(*))"(tg(H<),j)'(^e+i/ : ^ 7^ i, ^ < ''T'i*))'^ {^2) realizes the same quantifier free type 
in I2, (recalling te,j = te{*),j)- 

By ®4 + ©5 and indiscernibiity we can replace te(*),j by any t' e /' which 
realizes the same cut as t£(*),j of {te,t : e < d^l ^ j}. But if j > z(*) then 
{tj+i, • • • , C /2 by the choice of j, and the set /" = {t G if £ < 

d,l ^ 2 then t 7^ t^^^ and t^^i t = tg^£ t*} include an initial segment 
, see Kl4((i), i.e. so its inverse has cofinality Kq, say (s* : n < 

to) exemplifies this, so n < uj ^ ^n+i ^n- f*^^ every £ < 9 for some 
n < uj,f^{... , at^_^^ ^,5* , . . . ) G {be,be+i)i. So for some n* < a; this holds for 
unboundedly many s < d, contradictory to "|ty2| is maximal". Similarly if j < 

Subcase 2B : For every £ < 5 for some ^ G (£,9), the interval of I2 which is 
defined by ts^k^^^t^^kif^^^ is not disjoint to [so without loss of generality has > 
/Ci(*)+i - members of I^]. 

In this case as in case 1, without loss of generality {A;i(H<), • • • , ki(^*)^i} C W2 so as 
\w2\ is maximal this holds. So as not subcase 2A, {te,£ : e < d, £ < n} C hence 
{bg : £ < 9} C contradiction. 

Subcase 2C : None of the above. 

As not subcase(2B), without loss of generality {te,i : e < d and£ G [/cj(*), /ci(*)_|_i)} C 
lut , ■ Then as in subcase(2A) the sequence (te fc : £ < 5) is increas- 

ing/decreasing and is unbounded from above/below in Iu,t^(^) ^ contradiction to 

(*)6- 

In more detail, so /' := ^ includes all {tg^c : e < d and £ G 

Also /' and its inverse are of cofinality by (*)6 hence without loss of generality we 
can find (new) {to/ : i G /ci(H<)+i)) such that to^i td/+i,td,£ G {s~^^y s+(^^))i2 

and e < d ^ t^/^ <i2 td,e = te/i < is+1/2 the convex hull in I2 of {t(^j C ^ d 
and £ G /ci(H<)+i]} is disjoint to I^. Let to^i = td,i for £ ^ [ki(^*),ki(^*)+i],£ < 

m, bd ^ Matg^^,...,atg^^_J. 
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Easily e < d ^ bs <i bg. As e < ^ < d ^ {be, b^)i^ n it = easily e < d ^ 
{bs,bd)i^ r\u = 0, contradiction to {be '■ s < d) being cofinal in Iu,x- 

To finish proving (*)7, we have to consider the possibility that applying Kle, the 
exceptional case in ib){[3) of Klg occurs for some i < m say for see before 0. 

Also without loss of generality as 9 > 6*2 then without loss of generality £ E W2 ^ 
te,l — te{*) £ ^■nd for each £ < n{*) we have (Ve, ( < 9)(Vs e <i2 te,l = s Ki^ 

k,£)- 

Now we can define t^'^ = (t^'^ : £ < n{*)) as in case 1 and prove ®o — ®3 there. 
Clearly all members of {t^^i : e < d,£ & ^i(*)+2)} realize the same cut of 

and we get easy contradiction. 

As we can use only (tn(*),e '■ s < d) and add to /* dummy variables, without 
loss of generality — k^^^^ = /ci(*)+2 ~ Let J be {1, —1} x d ordered 

by {£i, £i) < J {£2, £2) iff ^1 = 1 A ^2 = -1 or ^1 = 1 = £2 A £1 < £2 or £^ = -1 = 

£2 A £1 > £2. 

For L e J let L = (£'■,£'') = (£[t],£[t]). For C < and li,L2 G J we define 

n e /Ci(*)+2) and otherwise. Now letting — /*(*C,n,t2) 

®6 all 

^C,'-i,(.2 realize the ame cut of 

Now 

®7 indiscernibility as in ®o holds 

®8 ^(^C,(l,e),(l,s+1) ^I* ^C,(l,£+2),(l+£+3))- 

[Why? Otherwise by indiscernibility, ifC G (6, 9) then 6^ (1 (_i^3) </ 6^ (_i 5)^(_i 4). 
Hence (-1,5), (-1,4) : ( E {Q, d)) is monotonic in all members realizing the fix 
cut of and is unbounded in it (by the inequality above) so contradiction to 
maximality of \wj\.] 

®9 ^(^C,(l,£+2),(l,e+3) <I h,{he),{l,e+l))- 

[Similarly, as otherwise if C ^ (6, (?) then <i &c,(i,4),(i,5))- Hence 

(^C, (1,4), (1,5) • C ^ (6, d)) contradict the maximality of (wi).] 
So we have proved (*)7 

(*)§ if u is //-reasonable, x e then ci{Iu,x) = ^o- 

[Otherwise by (*)7 it has a last element say b = f*{atQ, . . . , at„_i) where to, ... , tn-i £ 
/2 and /* a definable function, without loss of generality with n minimal hence 
{atp, . . . , at„^} is transcendentally independent and with no repetitions and b is 
not algebraic over {atg, . . . , at„_-^}\{at^} for £ < n. So {to, • • • , ^n-i} ^ and 
let £ < n be such that te ^ hence there are sq <i2 si such that G (sq, si)/2 
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and {so,si)i^ fl = (recall Kl4(a),(b) and about cofinality Kq and I2 be- 
ing dense). Also without loss of generality {to, • • • ,^n-i} H {sq, 81)1^ = {ti}, now 
the function c 1-^ f^{ato, . . . , at^_^, c, at^^^, . .., at^_^) for c e (agg, OsJ/ is increas- 
ing or decreasing (cannot be constant by the minimality on n and the elimina- 
tion of quantifiers for real closed fields and the transcendental independence of 
{to, . . . ,tn-i})- So we can find Sq, s'l such that sq Sq t£ s'l si 
such that X := {f^{ato, • • • , c, at^^-,, at^_^) : c e (a^^, a^'J/} is included 
in lu.x- Again as the function defined above is monotonic on (og^, 0,80 1 so for some 
value b' G (^s^, o^s^) we have b </ b' . But b is last in I^^x by our assumption toward 
contradiction hence {b,b')j^ lu = 0- But this is impossible as all members of 
{f{ato, . . . , at^_^,c, at^^-^,. . . , at^_J : c G {as'^,as'Ji} realize the same cut of /„ so 
(*)§ holds.] 

(*)9 if u is //-reasonable, x e I\Iu then also the inverse of Iu,x has cofinality Kq. 

[Why? Similarly to the proof of (*)7 -|- (*)8 or note that the mapping y 1— > —y 
(defined in M) maps onto itself and is an isomorphism from / onto its inverse.] 

(*)io if u is //-reasonable, then /„ is unbounded in / from below and from above. 

[Why? Easy.] 

(*)ii if h,Ui,U2 are as in clauses (a),(b),(c) below then the function defined 
below is (well defined and) is, recalling (*)2(5'), an order preserving function 
from onto 1^2 mapping ui onto U2 and also the functions ho, hi, h2, h2, h^ 
are as stated where 

(a) ui,U2 C ^ are /i-reasonable 

(6) h is an order preserving function from ui onto U2 

(c) (a) for a E Ui, we have cf(Q;) > 9i cf{h{a)) > 61 

iP) if 7 e wi then (Va < 7) (3/3 e ui){a < l3 < 7) iff (Va < 
h{^)){3peu2){a<P<h{^))) 

(d) (a) hi is the induced order preserving function from I^^ onto 

/i^, i.e., hi{{e,P')) = {l,P") when h{p') = P" < Q or 

/3' = /3"e[C,C + ^); 

{P) let ho be the partial function from C + into C + <^ 
such that ho{a) =P^ (3£)[/ti((£, a)) = {£, P)] 

(e) 7*2 is the order preserving function from I*'^ onto I*'^ defined by: for 

V e i;-^,hUv) = {hiim) •■ £ < £9{V)) = {{£''^'\ho{a^^'^)) : £ < 
ig{rj)), recalling (d) 

(/) h2 — h2 \ /^^ is an order preserving function from /^^ onto /^^ 



92 



SAHARON SHELAH 



(g) hs is the unique isomorphism from the real closed field Mi2^ onto 

the real closed field Mj2^ mapping at to a/j2(t) for t e 
where for /' C I2 we let M// C M be the real closure 
of {at-.te I'} inside M 

(h) /i4 is the map defined by: 

h4^{x) = y iff 

(a) X G A y = h^{x) or 

{13) for some a G , 6 G /\/„2 we have a; = Iu,a, U e -f«,6 and 
(Vc G /„)(c </ a = /13(c) </ 6) 

(i) = Dom(/i4) and = Rang(/i4) ordered naturally. 

[Why? Trivially hi is an order preserving function from /^^ onto Z^^- Recall 
^u'* = ^ -^2 • ^(^) ^ -^ut fo^ ^ < •^fi'(^)}- So obviously is an order preserving 
function from J*^^ onto /*^^. Now h2 = \ but does it map /^^ onto J^^? we 
have excluded some members of J*^^ by ® above. But by clauses (c) and (d) (ct) of 
the assumption being excluded/not excluded is preserved by the natural mapping, 
i.e., maps 7^^ onto 7^^ hence h2 = h2 \ 7^^ is an isomorphism from 7^^ onto 
7^2- Also by (*)i being the real closure of the ordered field Mq, and the uniqueness 
of "the real closure" hs is the unique isomorphism from the real closed field M/2 
onto M72 mapping at to a/j2(t) for t E 

Let ((^/, -^Z) :£<£*) list the pairs (-^i, ^2) such that: 

®io (a) has the form 7^^^^; for some x G 7\7„^ for £ = 1, 2 

(b) for every a G lu^, {3y G ^i)(a </ y) ^ {3y G ^2)(/i2(a) </ y)- 

Now 

®ii :£<£*) is a partition of 7\7y^ for £ = 1, 2. 

[Why? First, note the parallel claim for 7i. For this note that hi{{i,0)) = (£, 0) 

as G "Ui n tt2 as ui,U2 are /i-reasonablc, sec clause (c) of (*)4 and hi{{i,a)) = 
^ hi{{i,a + l)) = + by clause (b) of (*)4 and iih{{£,5i)) = {£,52),5i 
is a limit (equivalently 62 is limit) then 

Si = sup{a <S : {£,a) e 7^ J "^62= sup{a <S : {£,a) e 7^ J. 

Second, note the parallel claim for /i2, luf^ ^2- 
Third, note the parallel claim for 7^^, /i2- 

Fourth, note the parallel claim for 1^^, hs (which is the required one).] 
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So it follows that 

®i2 /i4 is as promised. 

So we are done proving (*)ii. 
[Why? By clauses (b),(c) of (*)ii.] 

(*)i2 if ui,U2 are /x-reasonable, h is an order preserving mapping from 1^-^ onto 
which maps onto then there is an automorphism h'^ of the linear 
order / extending h \ lu^ ■ 

[Why? Let :£<£*) list luiVm and %^ = h{%^). Now for every e we choose 
(af ,j : n G Z) such that 

(Dis (a) af e ^/ 

(b) ai,n <i 4,n+i forn e Z 

(c) {af „ : n e Z, n > 0} is unbounded from above in 

(d) {af ^ : n e Z, n < 0} is unbounded from below in 

This is justified by ui being ^u-reasonable by (*)6, KI4. Now define : I ^ I by: 

h^{x) = h4^{x) if x G lui and otherwise 

if 0£,n ^ < '^e.n+i and n G Z. 
Now check using linear algebra.] 

(*)i3 has < members recalling that fiS'^^f2 iff /i, /2 are functions 

from fj. into / and for some automorphism /t of / we have 
(Va</x)(/i(/i(a)) = /2(a)) 

[Why? Should be clear recalling |/^| < /x, recalling (*)5, (*)i2-] 
So we have finished proving part (1) of 5.1. 

2) Really the proof is included in the proof of part (1). That is, given I' C. I 
of cardinality < 62 by (*)5 there is a ^u-reasonable u C (, such that /' C and 
\u\ = 11+ \I'\. Now clearly 

(*)i4 for //-reasonable u Q (, the family {I^ ^ '■ ^ ^ -^^\-^u} has < At+|«| members. 

[Why? By ^5-] 

(*)i5 for a //-reasonable u Q the family {Iu,x '■ ^ ^ I\Iu} has < /t members. 
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[Why? By (*)i6 below.] 

(*)i6 if u is //-reasonable then Iu,bi = Iu,b2 when 

(a) bk = f{at^^„, . . . , at^^_ J for k = 1,2 

(b) f a definable function in M 

(c) tk,o <i2 ■■■ <i2 tk,n-i for k = l,2 

(e) if i II then ^ = ll,^^, for £ = 0, . . . , n - 1. 

[Why? Use the proof of (*)ii, ioi ui — u — U2,h — id^j so = "^^^ for £ < £*. 

By the assumptions for each I there is e such that ^ ^, ^ G = Now 
for each e < s* there is an automorphism tt^ of as a linear order mapping ti^£ 
to t2,i if ti,^ e %\ Let TT = U{7re : e < £*} U id/^.] 

(*)i7 if n < <i 4 <i ... <i for £ = ^,^,Iu,tl = 4,t2 for k = 

0, 1, . . . , n — 1 then for some automorphism g of I over we have k < 

[Why? We shall use g such that g \ ly^ — ^^lu ^^id g \ Iu,x is an automorphism 
of Iu,x for each x e I\Iu- Clearly it suffices to deal with the case {t^. : £ < n 
and £ e {l,n}} C 1^^^ for one x e /\/u- We choose si < S2 from Iu,x such that 
-^1 </ tk < "^2 for £ = 1,2. We choose g \ Iu,x such that it is the identity on 
{■s ^ : s </ Si or $2 <j s, uow stipulates t_i = si,tn = ■52 and maps {t\,t\_^-^)i 
onto (^fc, for /c = — 1, 0, . . . , n — 1 as in the definition above.] 

So we have completed the proof of part (2) of 5.1. 

3) Obvious from the Definition (0.14(9)) and the construction. 

4) First 

01 there is Jj^* C / of cardinality /x"*" such that: for every J| C / of cardinality 
< ji there is an automorphism tt of 7 which maps J| into J^. 

[Why? Let u = x C C and let = I^- Clearly u has cardinality /i"*" and 
so does Ji = /„. So suppose J| C / has cardinality < //. There is U2 C ^ of 
cardinality fx such that J| C /^^ and without loss of generality W2 is reasonable. 
We define an increasing function h from U2 into ui, by defining h{a) by induction 
on a: 

(*)i7 if cf(Q;) < /i then /^(q;) = U{h{/3) + 1 : /3 G ^2 n a} 
(*)i8 if cf(Q;) > /X then /i(q;) = U{/i(/9) + 1 : /3 G 'U2 H ct} + 
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Let ui := {h{a) : a G U2} so ui C u. Now h,ui,U2 satisfies clauses (a),(b),(c) of 
(*)ii hence hi, h2, h^, h4, Iui,Iu2 ^^e as there. 

By (*)i2 there is an isomorphism of / which extends h^; now does h'^ map 
J| into J^l Yes, as J| C /^^ and \ is an isomorphism from 1^^ onto but 
lui ^ Iuilu = Jii we are done proving 0i.] 

FinaUy 

02 part (4) of 5.1 holds, i.e. if /q C /, |/*| < O2 then for some /* C / of 
cardinality < /U+ + |-^ol we have: for every J C / of cardinality < there is 
an automorphism of / over /q mapping J into I^. 

Why? Given /q C / of cardinality < 62 we can find iti C ^ of cardinality |U + |/q| 
such that /q C I^^. By (*)5 we can find a //-reasonable set it2 ^ C of cardinality 
+ 1^1 1 such that ui C U2. 

Let :£<£*) list the sets of the form Iu2,x,x e l2\Iui, so by (Hs) £* < 
ji + |/q|. For each e we choose (og^ri : n e Z) as in ®i3 from the proof of (*)i2- 
For each e < e* and n G Z let n^^n be an isomorphism from / onto (a^^^, a^^n+i)!-, 
exists by the properties of ordered fields. Let C / be as in 0i above and let 
/| = /* U {ae,n '■£<£* and n < a;} U {7r£,n('^r) '■£<£* and n G Z}. Easily, /| is 
as required. 

5) By 0.12. Ds.i 



Remark. Concerning we could have used more time 

(*)n h2 is an order preserving function from /^^ onto /^^ and hz is an isomor- 
phism from onto lu^ and /ii is an order preserving mapping from I^^ 
onto Iu2- 



§6 Linear orders and equivalence relations 



This section deals with a relative of the stability spectrum. We ask: what can 
be the number of equivalence classes in for an equivalence realtion on which 
is so called "invariant" , in fact definable (essentially by a quantifier free infinitary 
formula, mainly for well ordered /). 

It is done in a very restricted context, but via EM-niodels has useful conclusions, 
for a.e.c. and also for a.e.c. with amalgamation; i.e. it is used in 7.8. 
There are two versions; one for well ordering and one for the class of linear orders 
both expanded by unary relations. 

On T*/ N, K]^f see 0.14(4). We may replace sequences, i.e. incj(/) by subsets of / 
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of cardinality \ J\, this may help to eliminate 2l"^l later, but at present it seems not 
to help in the final bounds in §7. We do here only enough for §7. 

6.1 Context. We fix a{*),u* = {u~,u'^) such that 

(a) a{*) is an ordinal > 1 

(b) u~ C q;(*) 

(c) C a{*). 

6.2 Remark. 1) The main cases are 

[A] a(*) = 1, so K^^* is the class of linear orders 

«(*) 

{B) a{*) = 2, = 0, u- = {0}. 
2) Usually the choice of the parameters does not matter. 

6.3 Definition. 1) For I, J G K}^^ , i.e. both linear orders expanded by a parti- 

ck(*) 

tion Pct{a < «(*)), pedantically the interpretation of the P^s, let inCj(/) be the 

set of embedding of J into /; see below, wc denote members by h. 

2) Recalling u* = (w^, w+) where U C a{*) let incj (/) be the set of h such 

that 

(a) h is an embedding of J into /, i.e. one-to-one, order preserving function 
mapping into P^ for a < a{*) 

(b) iia E u~ and t G P^ and s </ h{t) then for some ti <j t we have s </ h{ti) 

(c) if Q! e tt"*" and t e P^ and h{t) </ s then for some t\ we have t <j ti and 



Concerning u* 

6.4 Observation. 1) For any h e inCj (!) 

(a) if t is the successor of s in J (i.e. s <j t and (s, t) j = 0) and t e P^, o; e tt~ 
then h{t) is the successor of h{s) in / 

(6) if {ti : i < S) is <j-increasing with limit tg & J (i.e. i < 5 =^ <j 
and = n{(ti,t5)j : i < 5}) and ts G -P^ , a G tt~ then {h{ti) : i < S) is 
</-increasing with limit h{ts) in / 

(c) if t is the first member of J and t G P^, a G u~ then /i(t) is the first member 
of /. 
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2) If /ii,/i2 e inc} (/) then 

(a) if t is the successor of s in J and t G -P^ , a G u~ then = h2{s) 4^ 

hi{t) = h2{t) and hi{s) </ /i2(s) hi{t) </ /i2(t) and >/ /i2(s) 

>/ h2{t) 

(6) if {ti : i < S) is <j-increasing with hmit and ts G Pai'^ ^ then 
(Vz < = h2{ti)) =^ = h2{t5) moreover (Vz < 5)(3j < 

5){hi{ti) <i h2{tj) A h2{ti) <i hi{tj)) hi{ts) = h2{ts) and also {3j < 

5)(VZ < S){hi{ti) <i h2{tj)) ^ hi{ts) <i h2{t5). 

3) Similar to parts (1) + (2) for a E (inverting the orders of course). 



6.5 Convention. 1) a{*),u* will be constant so usually we shall not mention them, 
e.g. write incj(/) for incj (/) and pedantically below we should have written 
e" (J, /),e^ (J) and also in notions like reasonable and wide in Definition 6.10 
mention w*. 

2) /, J denote members of K}^? . 

Below we use mainly "e-pairs" (and weak e-pairs and the reasonable case). 

6.6 Definition. 1) let e( J) be the set of equivalence relations on some subset of 
J such that each equivalence class is a convex subset of J. 

2) For /ii,/i2 G incj(/) we say that (/ii,/i2) is a strict e-pair (for {I, J)) when 
e G e(J) and {hi, /i2) satisfies 

(a) s G J\ Dom(e) iff hi{s) = h2{s) 

(b) if s <j t and s/e ^ t/e (so s,t G Dom(e)) then hi{s) <i h2{t) and 

h2{s) <i hi{t) 

(c) if s <j t and s/e = t/e (so s, t G Dom(e)) then hi{t) </ h2{s). 

2A) We say that (/ii, /i2) is a strict (e, ^^)-pair where e G e(J) and ^ C Dom(e)/e 
when clauses (a)+(b) from part (2) hold and 

(c)' if s <j t and s/e = t/e (so G Dom(e)) then {hi{t) <i h2{s)) = (s/e G 



4) inc;(J) 




Proof. Straight (and see the proof of 6.7). 



□6.4 



^^) = (/ll(s) < h2{t)). 
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2B) We say that {hi, /i2) is an e-pair when {hi, /12) is a strict (e, ^)-pair for some 
^ (this relation is symmetric, see befow). 

3) We say that {hi, h2) is a weak e-pair where hi,h2 G incj(/) when clauses (a),(b) 
hold (this, too, is symmetric!) 

4) For hi,h2 G incj(/), let e = e(/ii, /i2) be the (unique) e e e(J) such that (see 
6.8(1) below) 

(a) Dom(e) = {s e J : hi{s) ^ h2{s)} 
{h) {hi, h2) is a weak e-pair 

(c) if e' G e( J) and {hi, /i2) is a weak e'-pair then Dom(e) C Dom(e') and e 
refines e' \ Dom(e). 

5) If e G e(J) and ^ C Dom(e)/e then we let set(^) = {s G J : s/e G ^} and 
e f ^ = e r set(^). 

6) Let e( J, /) be the set of e G e( J) such that there is an e-pair. 

7) Lete,(J) = U{e(J,/):/GK|.l" }. 

"(*) 

Concerning u* 

6.7 Observation. Assume that e G e{J,I). 
0) 

(a) If t is the first member of J and t G P^, a G then t ^ Dom(e). 

(6) If t G Dom(e) and t is the first member of t/e and t G then a ^ u~ . 

1) If t is the <j-successor of s and t G , o; G u~ then s G Dom(e) <^ t G Dom(e) 
and s G Dom(e) =^ s Et/e. 

2) If {ti : i < 5) is < j-increasing with limit ts and G and a E u~ then: 

(a) if (Vi < 5)(ti ^ Dom(e)) then ts ^ Dom(e) 

{b) if (Vi < 5)(-'tieti+i) or just (Vi < 5)(3j < S){i < j A -^tictj) then ^ 
Dom(e) 

(c) if (Vi < d){ti G to/e) then ts G to/e. 

3) Similar to parts (0),(1),(2) when a G w"*" (inverting the order, of course). 

4) e*(J) is the family of e G e( J) satisfying the requirements in parts (0),(1),(2),(3) 
above so if u* = (0, 0) then e*(J) = e(J). 

Proof. Easy by 6.4, e.g. 



Part (1) : We are assuming e G e( J, /) hence by Definition 6.6 there is an e-pair 
(/ii,/i2) where /ii,/i2 G incj(/). Now for £ — 1,2, clearly hi{s),h(,{t) G / and as 
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s <j t we have hc{s) < hi{t). Now if hi{t) is not the <7-successor of hi{s) then there 
is s'l e {he{s),h^{t))i hence by clause (b) of Definition 6.3(2) there is s| e 
such that s'l </ he{s}) <j h£{t) so as h£{s) <i s'^ we have h£{s) </ /i^(s|) <i hi{t) 
hence s <j s\ <j t, contradiction to the assumption H is the successor of s in J". 
So indeed he{t) is the successor of h£{s) in /. 

As this holds for £ = 1, 2, clearly hi{s) = h2{s) ^ hi{t) = h2{t) but by Def- 
inition 6.3(2) we know s e Dom(e) ihi{s) 7^ h2{s)) and similarly for t hence 
s e Dom(e) t e Dom(e). Lastly, assume s,t E Dom(e), but s,t are nor e- 
equivalent so by Definition 6.6(2) clause (b) we have hi{s) </ h2{t) Ah2{s) </ hi{t) 
clear contradiction. 

Part 2 : We leave clauses (a),(b) to the reader. 

For clause (c) of part (2), if ts ^ to/e then choose hi,h2 G inc} (/) such that 
(/ii, /i2) is an e-pair, hence an (e, ^)-pair for some ^ C Dom(e)/e. If (to/e) G ^ 
then h2{to) is above {/ii(ti) : z < (J} by </ so we have hi{ts) <i /i2(*o) but if 
ts ^ to/e this contradicts clause (b) in Definition 6.6(2),(2A). The proof when 
to/e ^ ^ is similar. Dg.? 



6.8 Observation. Let /ii,/i2 G incj(/) and e e e(J). 

1) e(/ii, /i2) is well defined. 

2) (/ii, /i2) is a strict (e, ^)-pair iff {h2,hi) is a strict (e, ^)-pair when (^, ^) is 
a partition of Dom(e)/e. 

3) {hi, h2) is a strict e-pair iff (/i2, /ii) is a strict (e, 0)-pair. 

4) {hi, /i2) is an e-pair iff (/i2, /ii) is an e-pair. 

5) {hi, h2) is a weak e-pair iff (/i2, hi) is a weak e-pair. 

6) If {hi, h2) is a strict e-pair then {hi, h2) is an e-pair which implies {hi, h2) being 
a weak e-pair. 

7) If Cct G e( J) for a < a*, then e := n{eQ, : a < a*} = {(s, t) : s, t are ea-equivalent 
for every a < a*} belongs to e(J) with Dom(e) ~ n{Dom(eo:) : ct < a*}. 

8) If e e e(J, /) then for every ^ C Dom(e)/e also e \ set(^) belongs to e(J, /) 
and there is a strict (e \ set(^))-pair (/i'^^, /ig); moreover, for every ^ C ^ there 
is a strict (e |~ set(^), ^)-pair. De.g 



Proof. Easy, e.g. 
1) Let 
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e = {(si,S2) :hi{s() ^ h2{se) for £=1,2 and if si ^ S2 then 
for some ti <j t2 we have {si, S2} = {^i, ^2} 
and there is no initial segment J' of J such that 
J' n{ti,t2} = {ti} and 

(Vt' e J')(Vt" e J\J')[/ii(t') </ h2{t")Ah2{t') <i h^{t")]}. 

Clearly e is an equivalence relation on {t e J : hi{t) ^ h2{t)} and each equivalence 
class is convex hence ei e e(J), so clauses (a),(b) of 6.6(1), (4) holds. Easily e is as 
required. 

8) Let {hi, /i2) be an e-pair and '3^2, ^ be a partition of Dom(e)/e. We define 
h[,h2 e incj(/) as follows, for £ e {1,2} 

(a) ifteJ\ Dom(e) then h'g{t) = hi{t) (= h2{t)) 

(b) if t e set(^i) then h'^{t) = hi{t) 

(c) ift G set(^) then/i^(t) is min{/ii(t), /i2(t)} if-^ = 1, and is max{/ii(t), /i2(t)} 
if ^ = 2 

{d) ift e set(^)then/i^(t)ismax{/ii(t),/i2(t)}if£ = 1 andis min{/ii(t), /i2(t)} 
if £ = 2. 

Now {h'i,h'2) is a strict (e f (set(^) U set(^)), ^)-pair, so we are done. De.s 

6.9 Definition. 1) For a subset u of J G K^^f we define e = ej,„ G e(J) on J\u 

c*(*) 

as follows: 

Sies2 iff (yt G tt)(t <j si = t <j 52)- 
2) For I,Je -f^^Y*)' ^^^^ P^^^ non-trivial when: e(J, /) 7^ 0. 

6.10 Definition. 1) For ho,. . . ,hn-i G incj(/) let 

iVc^'t'\{ho, . . . ,hn-i) , I) = {{£,m,s,t) : s,t e J and < hmit)}. 

We may write tpqf"^(/io, • • • , hn-i', I) and we usually omit J as it is clear from the 
context. 

2) For hi, h2 G incj(/) let eq(/ii, /i2) = {s G J : hi{s) = h2{s)}. 

3) We say that the pair (/, J) is a reasonable (/x, Q;(*)))-base when: 
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(a) /, J e K^^f , I J| < At and the pair (/, J) is non-trivial 

c«(*) 

(h) if e G e( J, /) and /ii, /i2 G incj(/) and (/ii, /i2) is an e-pair then we can find 
h'l, h'2, h'^ G incj(/) and ^ C Dom(e)/e such that 

(a) tpqf((/li, h'2),I) = tpqf((/ll, /l2), /) 

{(3) {h'ljh'^) and (/i2; ^3) are strict (e, ^)-pairs. 

4) We say that the pair (/, J) is a wide (A, Q;(*))-base when: 

(a) /, J G i^l'? , I J| < /U and the pair (/, J) is non-trivial 

a(*) 

(6) for every e G e( J, /) there is a sequence /i = {ha : a < X) such that 
[a) ha is an embedding of J into / 

ii a < j3 < X then (/iq,, /i^) is an e-pair. 

5) We say that the pair (/, J) is a strongly wide (A, /x, Q!(*))-base when: 

(a) /, J G Ki'? , the pair (/, J) is non-trivial and J has cardinality < jj, 

(b) for every e G e(J, /) and ^ C Dom(e)/e there ish = {ha : a < X) such that 
(a) ha G incj(/) 

(/?) if a < /5 then (/iq,, /j,^) is a strict (e, ^)-pair. 

6) Above we may omit meaning /j, — \J\ and we may omit a(*), as it is determined 
by J (and by /), and then may omit "base" so in part (3) we say (/, J) is reasonable 
and in part (4) we say A-wide and in part (5) say strongly A-wide. 



6.11 Observation. 1) If (/, J) is a reasonable (//, Q;(*))-base then (/, J) is a reason- 
able {fx' , a(*))-base for //' > 

2) If (/, J) is a wide (A, Q;(*))-base and A' < A,/i' > then (/, J) is a wide 
(A', a(*))-base. 

3) If (/, J) is a strongly wide (A, Q;(*))-base, then (/, J) is a wide (A, Q!(*))-base. 



Proof. Obvious. 



□e.ii 
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6.12 Claim. 1) If a{*) = 1 and /x < ({*) < /i+ < A, then the pair (A x C(*),C(*)) 
is a reasonable {fj,,a{*)) -based which is a wide {X, fj,,a{*))-base. 

2) If a{*) = 2 and u* = ({O},0) as in 6.2 and ^ < C(*) < ;U+ < A and C'(*) = 
X 3 and w C C{*),w ^ ^/'-e^ pair (-^^^'axC(*)' "^a* C(*) w-^ ^ reasonable 
{n, a{*))-base which is a wide {X, n, a{*))-base where 

(*) for any ordinal (3 and w Q (3 we define I = /^^"^ ^, a T*^^ymodel (if w = $ 
we may omit it) 
(a) its universe is j3 
{(3) the order is the usual one 

(7) PI = {a < [3 : ci{a) > fi or a E w}, (if we write I>^ 13 ^ we mean 
here cf{a) > jJ-)- 



Proof. 1) First: (/, J) = (A x C(*). C(*)) is a wide (A, Q;(*))-base 

Easily e(J,/) ^ 0, \J\ < and /, J e so clause (a) of Definition 6.10(4) 

«(*) 

holds (recalling Definition 6.9(2)), so it suffices to deal with clause (b). 
Let e e e( J, /) and define 

u = {( < (■(*) e Dom(e) is minimal in (/e 
or C e C(*)\ Dom(e)}. 

Now for every a < A we define ha G incj(/) as follows: 

(a) if C G C(*)\ Dom(e) then /i«(C) = A x C 

(b) if C e Dom(e) and e = min(C/e) then ha{C) = X x e + ({*) x a-\-(. 

Second: (/, J) = (X x C(*), C(*)) is a reasonable (p, Q;(*))-base 

Again clause (a) of Definition 6.10(3) holds so we deal with clause (b). 
So assume e G e(J, /) and hi, /i2 G incj(/) and {hi, h2) is just a weak e-pair and 
^ C Dom(e)/e. Let u = Rang(/ii) U Rang(/i2). For £ = 1, 2 let h} G incj(/) be 
h}{C) = otp(u n hi{C)), so Rang(/i|) C ^(*) := otp(u) < ((*) x 3. 
[Why? If ({*) is finite this is trivial, so assume ({*) > u. Let n < to and a be such 
that u^n < C(*) < co'"(n+ 1), so o; > l,n > 1. As o^" is additively indecomposable 
otp(w) < a;"(2n + 1), alternatively use natural sums [MiRa65] which gives a better 
bound C(*)©C(*)! [actually < |U+ sufices using C(*) < //+ large enough below, still.] 
For £ = 1, 2, 3 we define h'^ G incj(/) as follows: 
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(a) if C e C(*)\ Dom(e) then /i^C) = (C(*) x 4) x C 
(6) if C £ Dom(e) and e = min(C/e) and C^je^W then 
{a) if £ = 3 then /i;(C) = (C(*) x 4) x e + C(*) x 3 + C 
if £ = 1,2 then /i^(C) = (C(*) x 4) x £ + /i|(C) 

(c) if C £ Dom(e) and e = min(C/e) and C/e ^ ^ then 
(a) if£ = 3then/i^(C) = (C(*) x4) xe + C 
(/?) if £ = 1, 2 then /i^(C) = (C(*) X 4) X £ + C(*) + h\{C,). 

Now check. 

2) First: J) = (-^^^a^ccCnQ- -^"!c(.)r-i.-^ ^ ^^^^ (A. a(>K)Vbase . 

Note that P( = w because ({*) < /i"*" and Pf — {a e I : cf{a) > //}. As above 
clause (a) of the Definition 6.10 holds so we deal with clause (b). 

Let 



u = {C < (■(*) : C £ Dom(e) is minimal in C/e or C G C(*)\ Dom(e)}. 

Clearly m is a closed subset of ({*) and E u. 

Given ( < let := max(tt fl (C + 1)), clearly well defined by the choice of 
u and < 

For every a < A we define G incj(/) as follows: 

We define ha{C) by induction on C < ^=t:) such that ha{C) < A x (e,^ + 1). 

Case A : for ( G C(*)\ Dom(e) 

Subcase Al : ( G P/ 

Let haiC) be A X £^ + 

Subcase A2 : ( G and C = 
Let K{C) = 0. 

Subcase A3 : C G Pq^, C = ^ + 1 
Let KiC) = /la (0 + 1- 

Subcase A4 : ( G P/, C is a limit ordinal, ( — sup(M fl () 

Let haiC) = A X which is equal to U{/Iq,(C') : C' < C}- 

Subcase A5 : C G Pq , C is a limit ordinal and ^ = sup(u HQ < 

So + l)/e is an end-segment of C, but this is impossible by 6.7(2)(c). 
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Case B : ( e Dom(e): 

Subcase Al : C = min(C/e) hence ( G P/ (see 6.7(0)(b)) 
Let haiC) = A X £^ + //+ X ({*) X a + iJ,~^. 

Subcase A2 : C G Pq hence ( > min(C/e) 
Let ha{0 = ^{ha{C') + l:C' <(}■ 

Subcase A3 : ( G Pf and C > min(C/e) 

Let/i«(C) = U{/i„(C'):C'<C}+/^+- 
So clearly we can show by induction on ( < that: 

haiC) < A X £^ + //+ X C(*) X {a2 + 2). 

Now check. 

Also recalling /i+ < A clearly for a < A, C < C(*) we have haiC) < A x + A. 
Now check. 

Second f/!^" /^^" r. ^ ...) is a reasonable (u, a(*))-hase 

Combine the proof of "first" with the parallel proof in part (1). □6.12 

6.13 Definition. 1) Let /, J G K}^* . We say that # is an invariant (/, J)- 

q:(*) 

equivalence relation when : 

(a) is an equivalence relation on incj(/), so S" determines / and J 

(6) if hi, /i2, /is, /i4 G incj(/) and tpqf(/ii, /i2; /) = tpqf(/i3, /i4; /) then hi(oh2 <^4> 

/i3(p'/l4. 

2) We add non-trivial when : 

(c) if cq(/?,i, /?.2) = {t G J : = /i2(^)} is co-finite then hiS'h2 
(yd) there are /ii, /i2 G incj(/) such that /i2). 

3) Let J, /i, /2 e • Then h <\ h means that: 

o:(*) 

(a) h Q h 

{h) for every /ii,/i2,/i3 G incj(/2) we can find h'-^,h'2ih'^ G incj(/i) such that 
tpqf(/i'i, /i^, /i^; /i) = tpqf(/ii, /i2, /la; h)- 
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6.14 Claim. Assume JJuh e K^r* ■ 

«{*) 

1) If Ii C I2, S is an invariant {I2, J) -equivalence relation then S \ incj(/i) is an 
invariant (/i, J^- equivalence relation. 

2) If Ii <j I2 and Si is an invariant (/i, J) -equivalence relation then there is one 
and only one invariant (/2, J) -equivalence relation such that S2 \ incj(/i) = cfi. 

3) Assume e e e(J) and C Dom(e)/e. If (h'l, h'2) is a strict (e, '3'') -pair for (/i, J) 
and {hi, h'-^) is a strict (e, '3^) -pair for {I2, J) then tpqf (/I'l, /i2; -^i) = tpqf(/ii, h'-^; 12). 

4) Assume a{*) = 1, J = ({*),Ie = Pa with the usual order (for £ = 1,2), fj, < 
({*) < IJ.+ and IJ+ < (3i< (32- Then h h (see Definition 6.13(3)). 

5) Assume «(*) = 2, J = l'^^^,^^^, h = fori =1,2 and < pi < P2. Then 
h <j h (see Definition 6.13(3)). 

Proof. 1) Obvious. 
2) We define 

^2* = {(^1)^2) ■hi,h2 e incj(/2) and for some 
h'i,h'2 e incj(/i) we have 
tpqf(/j,'i, /i2; Ii) = tpqf(/ii, h2;l2) and 
h'iSih'2]. 

Now 

(^2* is a set of pairs of members of incj(/2). 
[Why? By its definition] 

(*)2 hiS^hi if hi e incj(l2). 
[Why? Let h' e incj(/i) so clearly h'c^ih' and tpqf(/i', h'; h) = tpqf(/i, h; I2)] 

(*)3 ^2* is symmetric. 
[Why? As (Ti is.] 

(*)4 ^2 is transitive. 

[Why? Assume /ii^2*^2 and /i2<5'2*^3 let h[, h'2 G incj(/i) witness /j.i(^2*^2 and 
h2,h'^ G incj(/i) witness /i2^2*^3- 

Apply clause (b) of part (3) of Definition 6.13 to {hi, h2, hs) so there arc gi, (72, (73 G 
incj(/i) such that tpqf{gi, 92, 93; h) = tpqf(/ii, /i2, /is; /2)- Now h'iSih'2 by the 



106 



SAHARON SHELAH 



choice of {h[,h'2) and tpqf(5fi, §2; h) = tpqf(/ii, /12; h) = tpqf(/ii, h'^; Ii) so as S'l is 
invariant we get giSig2- Similarly g2^ig3, so as #1 is transitive we have gi^ig^. 
But clearly tpqf(^i,^3; /i) = tpqf(/j.i, /is; 12) hence 5ri,5r2 witness that hi^2hz is as 
required.] 

(*)5 ^2* is invariant. 

[Why? See its definition.] 

(*)6 Si \ incz(/i) = A. 

[Why? By the way S'2 is defined and being invariant.] 

So together S'2 is as required. The uniqueness (i.e. if S2 is an invariant equivalent 
relation on incj(/) such that S2 \ incj(/i) = Si then S2 = S2) is also easy. 

3) Straight. 

4) See^ the proof of "Second" in the proof of 6.12(1). 

5) Combine''' the proof of part (4) and of "First" in the proof of 6.12(2). □6.14 
Below mostly it suffices to consider S'g^e- 

6.15 Definition. 1) Let S be an invariant (/, J) -equivalence relation; we define 

Sig = {tt C J :if hi,h2 e incj(/) satisfies eq(/j.i, h2) 2 u 
then hiSh2} 

recalling 

eq{hi, h2) :^{teJ: hi{t) = h2{t)}. 
2) If in addition e e e{J,I) then we let 

^s,e = {u Q Dom(e)/e :if hi,h2 G incj(/) and {hi, h2) is an 

(e [ (Dom(e)\set('u)))-pair then hiSh2}. 



^Actually instead "/x"*" < it suffice to liave C,{*) x 4 < /3i because if = Ci tlien 

i<7 

Ci X 4 < C(*) X 4 or just the natural sum C(*) © C(*) © C(*)- 

i<7 

'^Here + 1) x (C(*) x 4) will suffice. 
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6.16 Claim. Assume I, J e K}^^ and (/, J) is reasonable (see Definition 6. 10(3), (6)) 

ol(*) 

and is an invariant (/, J) -equivalence relation. 

1) For u C J such that ej^u G ^{J-,!) have: u e S^g iffhiS'h2 for every ej^u-po-ir 
(/ii, iff hiS'h2 for some ej^u-pO'if {hi, h2); see Definition 6.9(1). 

2) Assume e G e{J,I), then for any u C Dom(e)/e we have: u e ^g^e iff hiS'h2 
for any (e \ set{u)) -pair iff hiS'h2 for some (e \ set{u))-pair. 

3) If e & e(J, /) and ui, U2 C Dom(e)/e then we can find hi, /i2, hs G incj(t) such 
that (/ii,/i2) is a strict (e |~ set{ui))-pair, {h2,hz) is a strict (e |~ set{u2)) pair and 
{hi, hs) is a strict (e \ (set(wi U U2))-pair. 

4) Assume e G e{J,I) and that in clause (b) of Definition 6.10(3) we allow {hi, /i2) 
to be a weak e-pair, then for any u C Dom(e)/e we have: Dom(e)\u G S^s^e iff 
hi<§h2 for every weak e-pair {hi, /i2)- 

Proof. 1) Like part (2). 

2) In short, by transitivity of equivalence and the definitions + mixing, but we 
elaborate. 

The "first implies the second" holds by Definition 6.15(2) and "the second implies 
the third" holds trivially as there is such a pair (/ii,/i2) by the assumption e G 
e(J, /). So it is enough to prove "the third implies the first"; hence suppose that 
giSg2, where ((71,(72) is an ei := e \ set(u)-pair (recalling that ei G e{J, I) by 
6.8(8)), and let {hi, /i2) be an ei-pair, we need to show that hiSe2. By Definition 
6.6(2B) for some sets ^ C Dom(ei)/ei the pair {91,92) is a strict (ei, ^)-pair 
and the pair {hi,h2) is a strict (ei,^)-pair. Recalling clause (b) of 6.10(3) there 
are 91,92,93 and ^ such that: 

(*)i (a) Gincj(/) for £= 1,2,3 

{b) tpq{{9i,92) = tpqt{9[,9'2) 

(c) ^CDom(ei)/ei 

{d) {91,93) and {92,93) are strict (ei, ^)-pairs. 

Now for each s G Dom(ei), we can find a permutation Ig = {£s,i, £3,2,^8,3) of 
{1,2,3} such that / |= 9l^^{s) < i^^ Js) < 9l^^{s)- By {*)i{d) and (*)i(6j and 
{91,9) being an ei-pair, clearly ig depends only on s/ei and every member of 
{{d'e^ ^ (t) : t G s/ei} is below every member of {9'^^ ^{t) : t E s/ei} and similarly for 
the pair {9'^^ 2 '^4 3)" '^^ <^an find {91,92,93) such that: 

(*)2 (a) g'le\ivcj{I) for £=1,2, 3 
(6) ((7l',(7^') isastrict (ei,^%) 
(c) {91,93) and {92,93) are strict (ei,^)-pairs 
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[Why? We do the choice for each s/ei separately such that: {gl \ {s/ei),g2 \ 
{s/et\g'i \ (s/ei)} = {g[ \ (s/ei),^^ \ {s/e^),g', \ (s/ei)}.] 

Clearly tp^f{gi , g" ; I) = tpqf(fifi,fif2;/) = tpqf(5f2,5'3;/) so as is invariant and 
gi(^g2 clearly g'^f^g's A ^2<^^3 which implies c?^2 • For ^' = '3^h by clause (b) of 
(*)2 we conclude that tpqi{gi, g2', I) — tpqf(/ii, /i2; /) so as is invariant we are 
done. 

3), 4) Similarly. De.ie 
6.17 Claim. Assume I,J& K}^^ and S' is an invariant {I, J) -equivalence relation. 

0) If e G e{J,I) and S is non-trivial then &s,e contains all co-finite subsets of 
Dom(e)/e. 

1) If the pair (/, J) is reasonable and e e e(/, J) then S^g^e is a filter on Dom(e)/e 

but possibly G ^^,e- 

2) (o) is a filter on J 

{b) if S is non-trivial then all cofinite subsets of J belongs to but ^ 'Slg. 



Proof. 0) Easy, see Definition 6.13(2). 

1) By 6.16(2) and 6.16(3). 

2) Trivial by Definition 6.15(1). Ds.it 

6.18 Main Claim. Assume 

(a) I,JeK^3 

(b) S is an invariant (/, .J^- equivalence relation 

(c) (/, J) is a reasonable {iJ,,a{*))-base which is a wide {X, fx, a{*))-base 

(d) eGe(J,/) 

(e) g is a function from Dom(e)/e into some cardinal 9 
(/) ^* = {Y CO: g-\Y) G ^g,e} is a filter, i.e., ^ ^* . 

Then S has at least x '■= A^/^* equivalence classes. 



Proof. Let (/„ : a < x) be a set of functions from 6* to A exemplifying x '■— A^/^* 
soaj^P^{i<e: fUi) = //3(^)} ^ ^* ■ 

Let (/i^ : ( < X) exemplify the pair (I, J) being a wide {X, fx, a{*))-hase, see 
Definition 6.10(4), so G incj(/). 

Lastly for each a < % we define /i" G incj(/) as follows: 
/i°(t) is: ho{t) if t G J\Dom(e) 
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hu{g{t/ey){t) at e Dom(e). 

Now 

(*)i h°' is a function from J to /. 
[Why? Trivially recalling each /i^ is.] 
(*)2 /t" is increasing. 

[Why? Let s <j t and we split the proof to cases. 

If e J\Dom(e) use "/iq G incj(/)". 

If s G J\Dom(e) and t G Dom(e), then = hf^(^g{tie)){t)^h'^{s) = ho{s) = 

^fcx{g{t/e)){s) because {ha \ (J\Dom(e)) : a < A) is constant (recalling {ho, ha) is 
an e-pair (for ck > 0)), so as ^/„(g(t/e)) G incj(/) we are done. 
If s G Dom(e), t G J\Dom(e), the proof is similar. 

If s, t G Dom(e), s/e ^ t/e, we again use Definition 6.6(2B), clause (b)(/?) of Defi- 
nition 6.10(4). 

Lastly, if s,t G Dom(e),s/e = t/e we get g{s/e) — g{t/e) hence fa{9{s/e)) ~ 
fa{g{t/e)) call it 7 so h°-{s) = h^{s),h'^{t) = h^{t) and of course hj G incj(/) 
hence h^{s) </ h-y{t) so necessarily h°'{s) </ h°'{t) as required. So (*)2 holds.] 

(*)3 h^ G incj(/). 

[Why? Clearly if i < a{*) and t G Pf then (V/3 < X)hp{t) G Pf hence a < 
hf^(g(t/e)){t) G pf which means a < x ^ h'^{t) G P/; so recalling (*)2, clause 
(a) of Definition 6.3(2) holds. We should check clauses (b),(c) of Definition 6.3(2) 
which is done as in the proof of 6.7 and of (*)2 above.] 

(*)4 li a < (3 and we let u = Ua,p := U{5f-^(C) : C < ^ and /^(C) ^ /^(C)} so 
u C Dom(e)/e then (/i"^, /i^) is a (e f set(tt))-pair. 

[Why? Case 1 : If s G J\Dom(e) then /i"(s) = ho{s) = h^{s). 

Case 2 : If s G Dom(e)\set(tt) then h'^{s) = hf^(^g(^s/e)){s) = /i/0(3(s/e))(s) = h^{s). 

Case 3 : If s,t G set(M),s/e ^ t/e,s <j t then /i"(s) </ h'^{t) A /i^(s) </ /i"(t) 
because 

Subcase 3A : If fa{g{s/e)) = fp{g{t/e)) we use hf^^g^t/e)) G incj(/) hence 

/i"(s) = hf^(^g^s/e)){s) <i hf^^g(^s/e)){'t) = hfis{g{t/e)){t) = /i^(^) 

and similarly h^{s) <i h"{t). 

Subcase 3B : fa{g{s/e)) ^ fp{g{t/e)) we use '\hf^(g(^s/e)), hf^{^g{t/e))) is an e-pair". 
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Case 4 : And lastly, if s, i e set(w),s/e = tje and s <j t then h°'{t) <i h^{s) = 
{s/eeu) = h''{s) <i h^{t). 

Why? Recalling fa{g{s/e)) ^ fj3{g{t/e)) as s,t G set('u) by the definition of 
M, see (*)4 and we just use "{hf^(g(s/e))jhf^(^g(^s/e))y^ is an e-pair and clause (c)' of 
Definition 6.6.] 

(*)5 if CK < /? then Ua,/3 ^ niod ^^,e- 

[Why? By the choice of A).] 

ii a < P then /i", h'^ are not (^'-equivalent. 

[Why? By (*)4 + (*)5 and 6.16(2).] 

Together we are done. De.is 

6.19 Claim. Assume S is an invariant (/, J) -equivalence relation, /, J are well 
ordered and \mcj{I)/S'\ > A = cf(A) > /j, — \I\ > \2 + q:(*)|I'^I. Then for some 
e e e{I,J) there is an ultrafilter on Dom(e)/e extending S'g^e which is not 
principal. 

Remark. This is close to [Sh 620, §7]. 

Proof. Without loss of generality as linear orders, J is C(*) and / is ^(*) G [//, ii^). 

Toward contradiction assume the conclusion fails. Let (7 be a one-to-one function 
from jji onto [^(*)]^^° and x be large enough and k — \ J\ and d = \2 + q;(*)|I'^I so 
d'' = d. 

We now choose (A^^ : 77 e by induction on n < a; such that 

®i (a) AT, ^(^(x),e) 

(b) IIA^II =aanda + l C A^ 

(c) ^ C A^ A 1^1 < K =^ ^ e A^ 

(d) /, J and g as well as r] belong to A^ 

(e) iy<\r] ^ e Nr^ (hence A^ C A^ so A^, ~< A^). 

There is no problem to do this. Now it suffices to prove that for every h e incj(/), 
for some h' G U{A^ : rj G jJ,} fl incj(/) we have hS'h'. 

Fix e incj(/) such that /i* ^ U{/i/^ : h e incj(/) n A^ for some 77 e 
and for each rj e'^^/i we define follows: 

®2 (a) ar, = {ar,,t : t e J) 
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(b) a^,t= mmm*) + 1) n N^\h,{t)) 

(c) := : s,t & J and q:^,^ = ari,t and ct^^s > and 
ar,,t > K{t)} 

(d) for a E Nrj let X^,a := {t G J : a^^t = a > h^{t)}. 

Note 

(*)i e iV^. 

[Why? As [iVr,]-'' C iV^ and I J| = « and a^,t e iV^ for every t e J.] 

(*)2 (fl) G e(J), i.e. is an equivalence relation on some subset of J with 
each equivalence class a convex subset of J, see Definition 6.6(1) 

(6) (^,7, a • ci G {ci^^t : t G Dom(e)} hence X^,a ^) list the 
e^-equivalence classes. 

[Why? Think.] 

(*)3 /ir, := K \ {J\ Dom(e^)) G iV^. 

[Why? By the definition of we have t E J At ^ Dom(e^) =^ G A^,, and 

recaU [N^]^^ C A^.] 

(*)4 if t G Dom(e^) then cf{an,t) > d. 

[Why? As a^^t G A^ ^ (^(x), g) if cf(a^,t) = <d then there is a cofinal set S 
of a^i^t of cardinality ^ in A^ but 9 < d + 1 C N^^ therefore B C A^. In particular 
as h^{t) < arj,t there is /3 G -B so that < /3, but this contradicts the choice of 

(*)5 Srj G e(J,/). 

[Why? Choose /i' G incj(/)nA^ similar enough to h^, specifically: t E J\ Dom(e^) 
h'{t) = h^it) and t G Dom(e^) ^ sup{a^^s : s E J, s <j t and s ^ t/e^} < h'{t) < 
ct^ i. The point being that supjcK^^s : s G J, s <j t and s ^ t/cn} G A^. Now 
(/i', h^) is a strict e-pair.] 

(*)6 there is £^ < a; and a finite sequence {(3rjj : £ < iri) of members of Rang(Q;^ [ 
Dom(e^)) so A^^/j^_^ G Dom(e^)/e^ for £ < ijj such that U{A^^/3^^ : £ < 

£r,}e&S,e^- 

[Why? Otherwise there is an ultrafilter as desired, but toward contradiction we 
have assumed this does not occur; in trying to get generalizations we should act 
differently.] 
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Now we choose {rjmhn) by induction on n < a; such that 

□ (a) r]n e ""ii 

(6) if n = m + 1 then rjm = Vn \ nT' 

(c) hn e incj(/) 

(d) ho = /i* 

(e) if n = m + 1 then: 

(a) hnShm hence hn^h^ and Dom(er,„) C Dom(er,^) 
{(3) hm r (A Dom(e^^)) C hn 

(7) (/i^ r U{Xr,^,p^^,, : < V}) ^ 

(5) /i^ r (Dom(e^^)\ U {X^^,/3,^,, : £ < V)) belongs to iV^^ 
(e) moreover t e Dom(e^^)\ U {X^^,^^^^ : ^ < imphes 
hn{t) < hm{t) 

(0 V>o 

(/) Ym+i C where := U{X^^,;3^^_, : £ < 

Why can we carry out the construction? For n = we obviously can (choose 
ho = h^). For n = m + 1 first choose h'^ e Nrj^ as we choose in the proof of 
(*)5. Now recalling : i < irim) was chosen in (*)6, and define hn by 

hn \ (Dom(e^„)\ U {X^^,/3,^,, ': ^ < Vl) = f (Dom(e^^)\ U {X^^,/3,^,, : ^ < 
e^}) and /i„ f (J\ Dom(e^^)) = /i^ f (J\ Dom(e^^) and /in t (U{X^^,/3^^^, : £ < 
^vm}) = hm \ (U{X^^,^^^ , : < V})- Why hn<^hm^ Because 

(z) as in the proof of (*)5, {hn-, hm) form a strict £^-pair 
(h) they agree on U{X^„,^^^ , : £ < £r,} 
{Hi) {Xvm,l3r,„.,e-£<n} e ^^,e,. 

Lastly, choose rjn = Vm'^ (im) where ^rn is chosen such that gi'jm) = {^^PiPrjmA sup{/im(*) : 
t e X;3^^ J) : £ < recalling that is a function from /i onto = 
Now check that rjn, hn required. 

Note that this induction never stops in the sense that hn ^ N^^ recalling the 
choice of h^ and hnS'h^. Now '^n '■— {Prim/ '■ ^ < ^t/} ^ finite non-empty set of 
ordinals, and if n = m + l, then easily (V^ < £^^)(3A; < £rim)il^vn/ < /^vm,,k) because 
for £ < letting t e Xri^^i we know that for some k < we have t G X^^^k 
and r]n{m) was chosen above such that as 7^, now h^(t) < 7n G N-n^.lm < ct?7m,t 
and the inequality is strict as cf(Q:^^^t) > 0. So (max('^n) : n < a;) is a decreasing 
sequence of ordinals, contradiction, so we are done. De.ig 
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6.20 Example : For e G e( J, /), J G Kp and / G we define <§; ^ i\ it is 

an invariant equivalent relation on incj(/), by: hi^"* iff: 

(a) if t G J\Dom(e) then hi{t) = /i2(t) 

(6) if t G Dom(e) then cnv7^^^(t) = cnv/ /^^(t) where cnv/ /^(s) := the convex 
huU (in /) of the set {/ii(s)} U [j{[hils), hi{t)]i : s <j t and t e s/e} U 
[j{[h{t), h{s)]i -.t <j s and t G s/e}. 

1) If J, / G are well ordered and e = J x J then from part (1) has 

q(*) ' 

< |/| + equivalence classes. 

2) If J G and e as in part (2), = cf(J) and | J| < A = A<^ < then there 

«{*) 

is / G K}^* of cardinality A such that £'* j has A^ equivalence classes. 

q(») ' 

Remark. We can define the stability spectrum for some classes, essentially this is 
done in §7, generally we intend to look at it in [Sh:F782]. 

§7 CATEGORICITY FOR A. E.G. WITH BOUNDED AMALGAMATION 

Recall that 4.10 is the main result of this chapter; we think that it will lead 
to understanding the categoricity spectrum of an a.e.c. In particualr we hope 
eventually to prove that this spectrum contains or is disjoint to some end segments 
of the class of cardinals. Still here we like to show that what we have is enough 
at least for restricted enough families of a.e.c. .ft's, those definable by L^,!^, n a 
measurable cardinal or with enough amalgamation (concerning them and earlier 
results see Chapter N). We could have relied on^ [Sh 394], but though we mention 
connections, we do not rely on it, preferring self-containment. 

We can say much even if we replace categoricity by strong solvability, but do 
this only when it is cheap; we can work even with weak and even pseudo-solvability 
but not here. 

7.1 Hypothesis. 1) ^ is an a.e.c, so y{M) = ^rJM) for M G Kx, see III. 
^^^600-0.12 

2) Let be the class -PC^ if K is categorical in fj. and the class of superlimit models 
in Kfj_ if there is one, (the two definitions are compatible). 

The following is a crucial claim because lack of locality is the problem in [Sh 394] . 



^In the references to [Sh 394], e.g. 1.6tex is to 1.6 in the published version and 1.8 is in the 
e-version. 
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7.2 Claim. Assume 

(a) d{^) > K> LS(j^) 

(6) has amalgamation 

(c) $ G T^'^fi^] satisfies: if I is 6 -wide and 6 G {k, /j) then EM^(j^)(/, M ) 6*- 
saturated (see 0.14(1), III. ^.^^600-0.15^^^(2) and III. .^.^^600-0.19 

Then 

[a] for some < n, the class {M G K^^ : M is saturated} is [/j.^, /j.) -local, see 
Definition 7.4(3) below 

{a)+ this applies not only to y{M) = y^{M) hut also for y^{M) if ci{y) > . 
Recall 

7.3 Definition. ^ is ^-stable if ;U > LS(il) and M G K<^ 1^(^)1 < Z^- 
Recall ([Sh 394, Def.l.8=1.6tex](l),(2). 

7.4 Definition. 1) For M G i^, ^ > LS(i^), satisfying ^ < ||M|| and a, let Em.m,^ 
be the following equivalence relation on ^"(M) : pi^M,fi,aP2 iff for every N <^ M 
of cardinality fj, we have pi \ N = p2 \ N. We may suppress a if it is 1, similarly 
below; let E^^q be |J{EM,/x,a : M G K} and so E^ = E^^i. 

2) We say that M G ^ is /U — a-local when Km,^,^ is the equality; we say that 
p G ^"(M) is //-local if p/^M,fi,a is a singleton and we say e.g. K' C ^ is fx — a- 
local (in if not clear from the context) when every M ^ K' is. 

3) We say C ^ is [/i^, fi) — a- local if every M E K' n ^[n*,^) is — ct-local. 

4) We say that ae N realizes p G =^^(M)/E^,„ if M <^ and for every M' <^ 
of cardinality n the sequence d realizes p \ M' in N or pedantically realizes q \ M' 
for some, equivalently every g G p. 

Remark. If M G then M is n — ct- local. 

Proof of 7.2. RecaU $ G Tl'[R], see Definition 0.8(2) and Claim 0.9. Easily there 
is {Iff : 9 E [k, /i)), an increasing sequence of wide linear orders which are strongly 
Ko-homogeneous (that is dense with neither first nor last element such that if n < uj 
and s, t G "(/e) are <j-increasing then some automorphism of le maps s to f, e.g. 
the order of any real closed field/or just ordered field) satisfying \Ig\ =9. 
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Recalling Q here is the rational order, we let Jg — Q + Iq, Mq — EMt-(^)(/6i, $) 
and Ne = EM^(^)(J0,$). So 

® (a) Me <Ae Ne 

(b) Mg^ <si Mg^ and Ng^ <^ Ng^ when k < Oi < 62 < 

(c) Mg is saturated (for ^, of course) when 9 > k 

(d) every type from S^(Mg) is realized in A''^ 

(e) if n < u>,d E ^{Ng) then for some d' e "^(-/V^) and automorphism 

TT of A^e, 7r(a) = d' and tt maps Mg onto itself. 

[Why? Clauses (a),(b) holds by clause (c) of Claim 0.9(1) recalling Definition 
0.8(2). 

Clause (c) holds by Clause (c) of the assumption of 7.2; you may note [Sh 394, 
6.7=6.4tex](2). 

Clause (d) holds as EMt-(^)(0+ + J51, $) G ^g+ is saturated, and use the definition 
of a type (or like the proof of claue (e) below using appropriate /' + Ig instead 
6*+ + Jg); you may note [Sh 394, 6.8=6.5tex]. 

Clause (e) holds as for every finite sequence t from Jg there is an automorphism 
TT of Jg such that: tt is the identity on Q, it maps Ig onto itself and it maps t to 
a sequence from J«; = Q + such tt exists as Ig is strongly ^l;o-homogeneous and 
Ik, ^ Iq is infinite.] 
For any a from let 

//(a, h) = Mm{9 ■£ > k and if 6' < a* 

then tp^(a, Mg, Ng) ^ tp^{b, Mg, Ng)}. 

So fj,{a, b) < fi. Let 

= sup{//(a, b) : a,b E and //(a, 6) < //}. 

So is defined as the supremum on a set of < k x k cardinals < jJL, which is 
a cardinal of cofinality cf(/u) > hence clearly < ^. Also /U* > k as there 
arc a ^ b from M^^ hence fx{a,b) = k. Now suppose that 6 G [/«*,/«), M G .^g is 
saturated and pi 7^ P2 G ^(M) and we shall find M' <^ M, M' G .^^^ such that 
\ M' j^p2 \ M', this sufiice. 

Clearly Mg G Kg is saturated (by clause (c) of ®) hence the models M, Mg are 
isomorphic so without loss of generality M = Mg. But by clause (d) of ® every 
type from y{Mg) is realized in Ng, so let bg be such that pg = tp ji{b£, Mg, Ng) 
for £ — 1,2. Now there is an automorphism tt of A"^ which maps Mg onto itself 
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and maps 61,62 into A^^ (by clause (e) of ®) and let ai = Tvi^bi) for £ — 1,2, so 
ai, 02 G N^. 
Now 

tp(ai, Mb, Ne) = tp{7c{bi),n{Me),n{Ne)) = 7r(tp(6i, Mg, Ng)) ^ 

^ 7r(tp(62, Me, Ng)) = tp(7r(62), 7r(Me), 7r(iV,)) = tp(a2, M^, Ne). 

Hence by the definition of /x(ai,a2) we have /i(ai,a2) < 9 < 11. Hence by the 
definition of ^* we have /u(ai,02) < /i* which implies that tp^(ai, M^^ , A^^^ ) 7^ 
tp^(o2, M^^ , A^^ J. As vr is an automorphism of Ng and M^* it follows 

thattp^(7r-i(ai),7r-i(M^0,7r-HAre)) ^tp^(7r-i(a2),7r-i(M^*),7r-HA^e)) which 
means 

tp^(6i,7r-i(M^*),^e) 7^tp^(62,7r-HM/,,),iVe), but ti-\M^.) <si Mg as tt maps 
Mgi onto itself and recall that pi — tp^(6^, Mg, Ng) so pi \ 7r~^{M^*) is well defined 
for £ = 1,2. Hence pi \ 7i-^{M^,) ^ p2 \ 7r-^{M^,) and clearly 7r-^{M^*) has 
cardinality fx* and is <^ Mg, so we are done proving clause (a). The proof of 
clause (a)"*" is the same except that 

if 6* G [k, /Lt),t G ^(/6i) then some automorphism tt of Ig maps t to some 
t' G ^(/«), justified by 5.1 

(*)2 we replace Q by 9+ 

(*)3 ^(N^) has cardinality < {d+ + k)^ < < d{n). 

□7.2 

Implicit in non-/i-splitting is 

7.5 Definition. Assume a < fj,+ ,N e K<^,N <^ M and p G ^"(M) does not 
//-split over A^, see Definition IV. ^^^^705-gr.l ^^^^(1). The scheme of the non- 
//-splitting, p = sch^(p, A^) is {{N" ,c,b)ceNl =■ we have A^ <^ A^' <^ M and 
N' N",{N', N"} C and the sequence 6 reahzes p f A^' in the model A^"}. 

7.6 Definition. For a cardinal n and model M let 
1) 

ps - ^f,{M) = y^^^{M) = {p :p is a function with domain {A^ G : A^ <^ M} 

such that p(A^) G y{N) and A^i <^ A^2 G Dom(p) 
^ p(Ari) = p(Ar2) \Ni}. 

2) For p G ^(M) let p f (< /i) be the function p with domain {A^ G : A^ <^ M} 
such that p(A^) = p \ N. 



CATEGORICITY AND SOLVABILITY OF A.E.C., QUITE HIGHLY 117 



7.7 Observation. 1) The function p p \ {< fi) is a function from J/'{M) into ps- 
y^{M) such that for pi,p2 G ^(M) we have pi \ {< n) = P2 K< At) ^ pi'E^p2. 
2) The subset {p \ {< l^) : p e y{M)} of ps-^^(M) has cardinahty |^(M)/E^|. 

Proof. Should be clear. 7 

7.8 Claim. Every (equivalently some) M G is -saturated when : 

(a) (a) ^ categorical in fx 
or just 

(/?) ^ strongly solvable in fx 

(b) LS(i^) < A < X < At and 2^^ < /j (actually 2^ < jj suffice) 

(c) (a) K;,+4 = A+^^' < X 

or at least 

[P) if = cf{9) < X is 'Rq or a measurable cardinal then for some 

d G (A, x) have: d = d^^ < or at least d^^^^" > d (i.e. there 
is a tree S/' with 9 levels, d nodes and the number of 9 -branches 
of ^ is> X, see [Sh 589]) 

(d) A>d 7^ for every d, equivalently K>g ^ for arbitrarily large 9 < 

(e) (a) has amalgamation and JEP 

or just 

iP) if LS{K) <d <x then 

(i) has amalgamation and JEP and 

(a) R has {d, < , n) -amalgamation^ (see I. ^^^^88r-2.5^^^^(2)) 

hence^^ 

(Hi) every M G Kg+ has a <si-extension in 
(actually (i) + (Hi) suffices). 



Remark. 1) M is A+-saturated is well defined as ^<a has amalagamation. 

2) We assume 2^ < n because the proof is simpler with not much loss (at least as 

^It suffices to have: if Mq Mi £ Kg+,Mi <.s M2 G and Mq G Kg then Mi can be 
<^-embedded into some M3 G K^. Similarly in 7.12. 

10 Why? Assume M G Kg+ let M2 G K^, let Mq <si M2 be of cardinality d, let Mi G Kg+ 
be a < f^-extension of Mq which there is an <j:j-embedding / of M into Mi (exists as M.g has 
amalgamation and JEP). Lastly, use ".ft has (9, < 9^,/x)-amalgamation 
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long as other parts of the analysis are not much tighter). 

3) We can weaken the assumptions. In particular using solvability instead cate- 
goricity, but for non-essential reasons this is delayed; similarly in 7.12. 

4) If /X = /i^ the claim is easy (as in §1). 

Proof. Note that by [Sh:g, IX, §2], [Sh:g, 11,3.1] if clause (c)(a) holds then clause 
(c)(/9) holds, hence we can assume {c){(3). 

Let $ e T^'' see Definition 0.8(2), exist by 0.9 and clause (d) of the assumption 
and / e K^^^ =^ EM^(^)(/, $) G (trivially if K is categorical in fi, otherwise 
by the definition of solvable). 

Clearly 

(*)o if a G [LS(.^), x) then is stable in d. 

[Why? We prove assuming clause (e)(/3), as the case of clause {e){a) is easier. 
Otherwise as has amalgamation there are Mq <^ Mi such that Mq G Kq, Mi G 
Kg+ and {tpj^(a, Mq, Mi) : a G Mi} has cardinality d~^. By assumption {e){(3){iii) 
there is A^i such that Mi A^i G and without loss of generality iVi G K^. 
Let / be as in 5.1 with (A, 6*2, 6*1, /u) there standing for (^, 9++,9+,a) here and 
N2 := EM^(^)(/, $). Now by 5.1(2), A^i ^ N2, contradiction to ".^ categorical in 
fi" . Or you may see [Sh 394, 1.7=1.5tex].] 

The proof now splits to two cases. 

Case 1 : For every M e we have ^ > |^(M)/Ea|. 

For every M G there is M' such that: M <^ M' G -fC^ and for every 
p G =5^(M)/Ea either p is realized in M' or there are no M" , a such that M' <^ 
M" G i^/, and a G M" realizes p in M" . 

[Why? Let {pi/Kx : i < ^) list ^(M)/Ea, exists by the assumptions and choose Mi 
for i < li, -increasing continuous such that M^+i satisfies the demand for p = 
Pi/¥.\, possibly no p G Pi/'^x has an extension in ^(M^+i) (hence is not realized 
in it), so then the desired demand holds trivially; note that it is not unreasonable 
to assume has amalgamation and it clarifies but it is not necessary.] 

Also without loss of generality M' G as any model M from has a <^- 
extension in (at least if M does <^-extend some M' G K^). 

Now we can choose by induction on i < A"*" a model Mi G K^, <j^-incr easing 
continuous with z, such that for every p G y{Mi) either there is g G y{Mi) 
realized in M^+i which is E;i-equivalent to p or there is no <^-extension of Mi_|_i 
satisfying this. Now we shall prove that Mx+ is A"'"-saturated recalling Definition 
III. ^^il600-0.15 Now if N <^ Mx+,\\N\\ < A and p G ^{N) then 

there is i < A"*" such that <ji Mi and we can find p' G ^(M;^+) extending 
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p. (Why? If clause {e){a) holds then this follows by having amalgamation, 
see 1. ^^^88r-2.8 ^L^. If clause (e)(/3) holds, use "i^ has the (A, < A+,;u)- 
amalgamation property" recalling LS(^) < A < x.) Hence there is a G Mi^i such 
that tp(a. Mi, Mi+i)'Ex{p' \ Mi), hence a realizes p in Mi+i hence in Mx+- 

Case 2 : Not Case 1. 

Let / be as in 5.1 with (A, 6*2, 6*1, /x) there standing for A"'"^, A"*", A) here, so 
|/| = /i. Let M = EMt-(^)(/, $), so by not Case 1 we can find pi E y{M) for 
i < /i"*" pairwise non-E;v-ec[uivalent. As ^\ is a A-a.e.c. with amalgamation and 
is stable in A (by (*)o) we can deduce, see IV. ^^^^705-gr.6 ^^^^(2), that: if 
p G S^{M) then for some <^ M of cardinality A the type p does not A-split over 
N (or see [Sh 394, 3.2 = 3.2tex](l)). For each i choose Ni <.r M of cardinality A 
such that Pi does not //-split over Ni. As there is no loss in increasing Ni (as long 
as it is <^ M and has cardinality A) without loss of generality 

(*)i Ni = EM^(j^)(/i, $) where C / and \Ii\ = A and let U = {tl : e < A) hst 
li with no repetitions. 

As 2^ < /i without loss of generality the /^'s are pairwise isomorphic, so without 
loss of generality for i,j < , the mapping tl \—>- ti is such an isomorphism. 
Moreover, without loss of generality 

(*)2 for every i,j < fi^ there is an automorphism iVij of / mapping to t| for 
£ < A. 

[Why? By 5.1(1) as we can replace {pi : i < fj,~^) hj {pi : i E for every 
unbounded fJ-^ ■] 

Let pi be the non-A-splitting scheme of p over Ni (see Definition 7.5). Without 
loss of generality: 

(*)3 for i,j < (U"'", the isomorphism hij from Nj = EMT-(^)(/j, $) onto Ni = 
EMT-(^)(/i, $) induced by the mapping t-j. i— > (for C < ^) satisfies 
[i) it is an isomorphism from Nj onto Ni 
iii) it maps p-,- to p^. 

[Why? For (i) this holds by the definition of EM(/i, $). For (ii) let hi^o map pi to p^. 

The number of schemes is < 2^ ; so if > 2^ then without loss of generality i < 
^ p^ = p'j^ hence we are done (with no real loss). If we weaken the as- 
sumption /U > 2^ to n > 2'^ (or even > A so waive (*)2) using 5.1(4) we 
can find such that Ii C /+ C I,\I^\ < A""" and for every J C / of cardi- 
nality < A there is an automorphism of / over Ii mapping J into I^. So only 
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(p^((EM,(^)(/o+,$),c,5))eeEM.(^)(/o,«i>)/ =) -b e ^(EM,(^)(/o+, $))) matters (an 
overkill) but this is determiend by pi \ EM^(^) {I^, $)) which e ^(EM,-(^) {I^ , $)) 
by (*)o and as ^ is stable in A""" without loss of generality p'^^^ = p[ and we are 
done.] 

Now we translate our problem to one on expanded (by unary predicates) linear 
orders which was treated in §6. Recall that by 5.1(3), we can use / = EM|<}(/*, \E') 
where * e T[^^[2], see Definition 0.11(5), and /* = 1^^^^^+ from 6.12(2) with 
a{*) = 2. Recall that /* = -f)J'J^xA++ is x A++ expanded by Pi = {a e I* : 
cf{a) > A+}, Po = I*\Po so /* is a well ordered rl-model, i.e. e K}^1\ see Defi- 
nition 0.11(5). Without loss of generality U = EM{<}(i;,*) where /* C /* has 
cardinality A and the pair {I*, I*) is a reasonable (A, a(*))-base which is a wide 
(|U, A, a(*))-base, see Definition 6.10(3)(4), Claim 6.12(2). Without loss of gen- 
erality for every i < there is hi, an isomorphism from Iq onto /* such that 

(see below) the induced function /i^^' maps to to ti. Let J* = Iq and J — Iq. 
We like to apply §6 for J*,/* fixing a{*) = 2,u* = {u-,u+) = ({O},0). So 
recalling Definition 6.3(2) for every h e inc}, (/*) we can naturally define the func- 
tion /.W by h^'\a^^('J' '-"^to, . . . ,tn-i)) = a^^(^*'*HaMto), ■ ■ • , «Mt.-i)) whenever 
cr(xo, . . . , Xn-i) is a r(\l/)-term and J* |= "to < . . . < tn-i" so it is an isomorphism 
from EM{<}(J*, ^') onto EM{<}(/* \ Rang(/i), ^f) so as J* C /* by 5.1(5) there is 
an automorphism h^'^^ of / extending h^^^ and so there is an automorphism h^^^ of 
EM(/,$) such that h^^^{at) = a;,[2](t) for t e / and h^^^{a^^^^'^\at„, . . • ,at„_J) = 

o-^^^^'*n«/ii2!(<o)'---'°^ft[2](^^)) where to </ • • • </ ^n-i and (7{xo, . . . ,Xn-i) is a 
T($)-term. 
Note that 

(*)4 if h',h" are automorphisms of EM,-[^](/, $) extending h^^^ \ EMt-[^] (Jo) 
then h'{po/Ex) = h"{pQ/Ex). 

[Why? Because pq does not A-split over EM^-f^j (Jo, ^)-] 

We define a two-place relation S" on incj*(/*) by: hiS'h2 if h^i\pQ/E\) = 
h^P{po/Ex). (Note that h ^ /i^l is a function so this is well defined and h^^^ is 
an automorphism of EM7-(^) (/, $)). By (*)4 clearly S' is an invariant equivalence 
relation on incj,(/*) with > equivalence classes as exemplified by {hi : i < /i"*"). 

By 6.19 there is e G e( J*, /*) such that (recalling Definition 6.16) the filter ^^^g 
has an extension to a non-principal ultrafilter ^ so for some regular ^ < A there 
is a function g from Dom(e)/e onto 6 which maps ^ to a uniform ultrafilter g{^) 
on 9, so 9^^^*"^ < 9°°™*^^^/'^/^^,e for every cardinal d. Choose such a pair {g,9) 
with minimal so ^ is ^-complete hence ^ = Kq or is a measurable cardinal 
< A. By clause (c)(/3) of our assumption justified in the beginning of the proof 
there is 9 G (A+,x) such that d < d<^>^^ hence 9+ < a<^>'"- < c^°"™(^)/7^^,e- 
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So letting = C /* the set {t/(^ : t e incrj*(/*) and Rang(f) C /O} 

has cardinahty > d. Now for each t e incj* "*(/*) let tt^ e Aut(/) be such that 
'^tito) = t and let % be the automorphism of EMt-(^) (/, which ttj induce, and 
let pt = nipo) e ^iM). Hence {ttM \ EM,(^)(/ij- : t e incj.^*(/*) 
and Rang(t) C is of cardinality > d, contradicting stable in d" from 

(*)o- Dt-S 

Note but we shall not use 

7.9 Conclusion. 1) Under the assumptions of 7.8 we have i<i{M.ij,) = i^o, see below. 
2) Moreover, Kst{^^) = 0. 

Recall 

7.10 Definition. If is an /i-a.e.c. with amalgamation which is stable, then: 

(a) = Kq + supl^;"*" : k regular < fj, and there is an <j^^ -increasing 
continuous sequence (Mj : i < n) and p e y{M^) such that M2i+2 is 
universal over M2i+i and p |~ M2i+2 does //-split over M^i+i} 

(b) «sp(-^^i) '■— {k : K regular < and there is an -increasing continuous 
sequence {Mi : i < k) and p G o$^(Mk) which //-splits over Mj for each z < k 
and M2i+2 is universal over M2i+i}. 



Proof of 7.9. By playing with EM(/,$), (or see Claim [Sh 394, 5.7=5.7tex] and 
Definition [Sh 394, 4.9=4.4tex]). Dy.g 

7.11 Question : Can we omit assumption 7.8(c) (see below so x = LS(.^))? 

7.12 Theorem. For some cardinal < x o-nd a cardinal A** < Di.i(A+'^) above 
X^,^ is categorical in every cardinal X > A** but in no X & (A*, A**) provided that: 

K is an a.e.c. cateogorical in jj. 

^ has amalgamation and JEP in every A < b!;^, A > LS(.^) 

X is a limit cardinal, cf(x) > LS(.^), and for arbitrarily large A < x 

the sequence (2^^ : n < uj) is increasing 
II > Di,i(A) for every X < x hence // > 
every M G -ft^<N^ has a <si-extension in K^. 



(b) 
(c) 

id) 

(e) 
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Remark. 1) Concerning [Sh 394] note 

(a) there the central case was ^ with full amalgamation (not just below x ^ /^O' 
trying to concentrate on the difficulty of lack of localness, 

(6) when we use clause (e) this is just to get the "M G -ftT^ is A-saturated" , this 
is where we use 7.8 

(c) we demand "cf(x) > LS(.^)" to prove locality. 

2) We rely on Chapter III and Chapter IV in the end. 

3) The assumption (e) of 7.12 follows if K has amalgamation in every A' < ni,i(A) 
for A < X which is a reasonable assumption. 

4) Most of the proof works even if we weaken the assumption (a) to is strongly 
solvable in /i" and even weakly solvable, i.e. up to E\j, we continue in and see more 
[Sh:F782]. 

5) Theorem 7.12 also continue Kolman-Shelah [KlSh 362], [Sh 472], as its assump- 
tions are proved there. 

Proof. Let k = LS(.^) and let $ G T°'^[.^] be as guaranteed by 0.9(1) hence 

(*)i if / e i^i'" then EM^(^)(/,$) belongs to Kx for A > LS(.^) (and in the 
strongly solvable case, / G -ftT^'" EM^(j^)(/, $) G K^) 

and 

(*)2 if / C J are from i^"" then EM^(j^)(/, $) <^ EM^(^)(J, 
Also 

(*)3 {'^si{M) : M G ^<:H^) has the reasonable basic properties. 

[Why? See III. ^^^600-0.12 and III. ^^^600-0. 12A because J^<n^ 

has the amalgamation property by clause (b) of the assumption ®^''^).] 

(*)4 if M G then M is x-saturated (hence x-model homogeneous). 

[Why? We shall prove that: if LS(j^) < A < x and M G then M is A+-saturated. 
We shall show that all the assumptions of 7.8 with (^, x, A) there standing for 
(/Lt, K^, A) here hold. Let us check; clause (a) of 7.8 means "A is categorical in fi" 
(or is strongly solvable) which holds by clause (a) of ®'^^. Clause (b) of 7.8 says 
that LS(^) < A < < /X and 2^ < n; the first holds because of the way A was 
chosen above and the second holds as clause (d) of ®^'^ says that /i > Di,i(A) and 
H > K-^. Clause (c)(a) of 7.8 holds as A"'"'*'^ < K^+s which is < as x is a limit 
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cardinal and here plays the role of x there. Clause (d) of 7.8 says R>d fo^ 
every cardinal 9, holds by above. Lastly, clause (e) of 7.8 holds more exactly 
clauses (e)(/3)(z) + {in) hold by clauses (b) + (e) of ®'^^ and they suffice. 

We have shown that all the assumptions of 7.8 holds, hence its conclusion, which 
says, as M G K^, that M is A^-saturated. The "x-model homogeneous" holds by 
III. ^^^600-0.19 ^^.] 

(*)5 if M <^ AT are from then M ^L^.^[i?] A^- 

[Why? Obvious by (*)4.] 

(*)6 if A G (k, x) and / G is A-wide then EMt-(^-)(/, $) is A-saturated; 

moreover, if G K^^"^ is wide over / then every p G ^(EMt-(;^)(/, $)) is 
realized in EM^(^)(/+, $). 

[Why? By 1.14, its assumption "$ satisfies the conclusion of 1.12" holds by (*)5, 
(or as in [Sh 394, 6.8=6.5tex]). The "moreover" is immediate by (*)4 as in the 
proof of ®{d) inside the proof of 7.2 above or see the proof of (*)io below.] 

(*)7 K is stable in A when k < X < X- 

[Why? Recalling clause (e) of the assumption of 7.12, by Claim 7.8 or more accu- 
rately (*)o in its proof as we have proved (in the proof of (*)4) that the assumptions 
of 7.8 holds with {fx, x. A) there standing for (//, K-^, A) here.] 

(*)§ if A G [k, x) aiid M G then there is G .^a which is (A, Ko)-brimmed 
over M 

[Why? By (*)7 and III. ^^^^600-0.22 ^^^^(l)(b) remembering the amalgama- 
tion, clause (b) of the assumption of the theorem.] 

(*)9 if (Mq, : a < A) is <j^-increasing continuous, k < \\M\\\ < A < x, then no 
p G yj^{Mx) satisfies p \ M^+i does A-split over Mi for every i < X. 

[Why? Otherwise we get contradiction to stability in A, i.e. (*)?, see in IV. 
-^^^705-gr.6^^^^(lB), using amalgamation (using the tree ^^2 when 9 — min{9 : 
2^ > A}; also we can prove it as in the proof of case 2 inside the proof of 7.8.] 
We could use more 

(*)io if /i, I2 are wide linear orders of cardinality A G (k, x) and I2 is wide over 
Ii so Ii C I2 and Mg = EMt-(^)(/^, $), then M2 is universal over Mi and 
even brimmed over /i, even (A, 9) -brimmed for any regular d < X. 
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[Why? As I2 is wide over /i, we can find a sequence {J^ : 7 < A) of pairwise 
disjoint subsets of /2\/i sucli tliat eacfi is a convex subset of I2 and in there 
is a monotonic sequence {t-y^n : n < u) oi members. Let (7e : £ < A x 9) Ust A, and 
let /2,o = h and l2,i+e = hX^^U-y^ : C e + A x d)} and = EM^(^)(/2,£, 
So (M^ : ( < X X d) is <^-increasing continuous sequence of members of Kx; first 
member Mi, last member M2. 

By III. ^^^^600-0. 22 ^^^^(4)(b) it is enough to prove that if £ < A x 9 and 
p G y{Mg) then p is realized in Mg_|_i. As Ii is wide of cardinality A so is l2,e hence 
Mg is saturated. Also for each e we can find a linear order of cardinality A such 

that l2,e+i ^ l2,e "^e^ = -^2^e+i\-^2,£ is a convex subset of l2,e+i is a wide 
linear order of cardinality A which is strongly Ko-homogeneous, (recall J-y^ C J+ is 
infinite). So in M^j^ = 'EMT-(^^^{l2g^2^ ^) ^very p G ^(M^ ) is realized (as l2e+i 
wide over /2,£ as is wide of cardinality A), moreover realized in M'^_^_i (why? by 
the strong Ko-homogeneous every element and even finite sequence from M^_^-^ can 
be mapped by some automorphism of M^_^-^ over Mg into Mg_|_i). As said above, 
this suffices.] 

©1 X* is well defined G (k, x) where 

X* = Min{6' -.K < 9 < X and for every saturated 
M G i^, if 6* < ||M|| < X, every 
p G S^{M) is ^-local, see Definition 7.4(2)}. 

[Why? By 7.2 which we apply with (/x, k) there standing for (x, k) here recalling 
K = LS(^); this is O.K. as: clause (a) in 7.2 holds by clause (c) of the assumption 
here, clause (b) in 7.2 holds by clause (b) of the assumption here as x < ^x- Lastly, 
clause (c) in 7.2 easily follows by (*)g above.] 

®2 if A G (k, x) and {Mi : i < S) is <j^;^ -increasing continuous, M^+i is <^- 
universal over Mi for i < 5 then M^ is saturated and moreover every p G 
y{Ms) does not A-split over Mq. for some a < 5. 

[Why? For z < 5 let Ii be the linear order A x A x (1 + z) and = EM^(j^)(/i, $). 
So (M/ : i < 5) is -increasing continuous. Also for z < 5, C < A let li^^ = 
AxAx(l + z) + AxC and M[(- = EMT-(j^)(/i^^, $), so for each i < 6 the sequence 
{Ml^^ : C < X) is -increasing continuous, M/g = M[,Mly^ = M[j^^. Now for 
z < 5, C < A every p G ^(M^^^) is realized in M[ ^j^^ by and the definition 
of type, varying the linear order. By III. ^^^^600-0.22 ^^^^(4)(b) the model 
-^i+i <j?;, -universal over M/ and by Definition III. ^^^^600-0.21 ^^^^ the 
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models and Ms are (A, cf( 5)) -brimmed hence by III. ^^■600-0.22 ^^^(3) 

are isomorphic. But Mg is saturated by (*)6, hence Ms is saturated. 

What about the "moreover" ? (Note that if A = A^^^'^^ then (*)9 does not cover 
it.) We can find easily (J^' : a < X x d + 1) such that: 

(a) I'^ is a linear order of cardinality A into which A can be embedded 

(6) I'^ is increasing continuous with a 

(c) I'^ is an initial segment of for a < /3 < 5 + 1 

{d) I'a+i has a subset of order types A x A whose convex hull is disjoint to 
(e) if a < (3 < Xx d and s G I\xs+i\^\xS then there is an automorphism 7^^,13,3 

of ^\xs+i mapping /^'^^ onto I'^^s and is over 4' U {t E I'l^s+i ■ ^ ^^I'x^+i 

t}. 

Let M^ = EM^(^)(/4',$), so {M'^^^ : a < 6) has the properties of (M^ : a < 
d), i.e. every p G y{M^) is realized in M^_^_i hence M"_^_^^ is <i^^ -universal 
over M^. So (easily or see III. ^^^600-0.22 ^^,111. ^^^600-0.21 

there is an isomorphism / from Ms onto M'^^s such that M"^ <^ /(Mq_|_i) < 
^° ^t suffices to prove the "moreover" for {M'^^^ : « < 5), equiva- 
lently for {M^ : a < X x 6). Let p G S^{M'^^g) so some a G M"^^.^^ reahzes 
it, hence for some to < • • • < in-i from I'x^s+i and r$-term a{xQ, . . . ,Xn-i) we 
have a = a^'^'-^^>^'^+i'"^'*(atQ, . . . , at„_-^), it follows that for some m < n we have 
ti G I'xxs ^ < nT- and let a < A x 5 be such that {ti : £ < m} C /^'; if m = n 
choose any tn G ^\x5+i\^\x5- If /3 ^ («, A x 5) and tpj^(a, M^', M^'^-,^) does A-split 
over M^' then tt' := Tip^p^t^ is an automorphism of /^xS+i niapping onto I'xxS 
and is over I'^ U {s G -f>fx5+i • — ^a'x* 1 hence it is the identity on {ti : i < n}; 
now tt' induces an automorphism if' of EMt-(^)(/"^^_|_]^, $), so clearly it maps a to 
itself and maps tpj^{a, Mp_^^, M'^^g_^^) to tp^(a, M^'^^, M"^^_i_j^) and it maps M^ 
onto itself, hence also tp f^{a, Mp_^-^^, Mg_^-^) does A-split over M^'. So if for some 
/3 G (a, A X 5), the type tp_f^(a, M^', M^'_^j^) does not A-split over M'^ we get the 
desired conclusion, but otherwise this contradicts (*)9.] 

®3 If A G [x*, x) and M G Kx is saturated and p G ^(M) then for some we 
have: 

(a) N<siM 

(6) G K^^ is saturated 

(c) p does not x*-split over 

{d) p does not A-split over N (follows by (a),(b),(c)). 
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[Why ®3 holds? For clauses (a),(b),(c) use ®2 or just (*)9; for clause (d) use 
localness, i.e. recall ®i and Definition 7.4.] 

®4 Assume A G [k, x) ^i-nd Mi M2 <si Ms are members of K, M2 is A"""- 
saturated and p G y{Ms). If Ng <^ Mg is from K^x and p \ Mi+i does 
not A-split over A^^ for £ = 1, 2 then p does not A-split over Ni. 

[Why? Easy manipulations. Without loss of generality Ai <^ A2 as we can increase 
A2. So for some pair (M4, a) we have M3 <^ M4, a G M4 and p = tp^(a, M3, M4). 
Assume a < A+ and let 6, c G "(M3) be such that tp^(6, Ai, M3) = tpi^(c, Ai, M3). 
As M2 is A+-saturated and A2 <j? M2 M3 we can find 6', c' G "(M2) such 
that tp^(6'"c', A2, M3) = tp^(rc, A2, M3) using III. ^^^600-0.19 Hence 
tp^(6', Ai, Ms) = tp^(6, Ai, Ms) = tp.«(c, Ai, Ms) = tp.R(c', Ai, M3). 

By the choice of (M4, a) and the assumption on Ai that p \ M2 does not A-split 
over Ai we get 

tp^((a)"6',Ai,M4) =tp^((a)^c',Ai,M4). 

Clearly tp^(6', A2, M3) = tp^(6, A2, M3) hence by the choice of (M4,a) and the 
assumption on A2 that p does not A-split over A2 we have tp^((a)'6', A2, M4) = 
tp((a)''6, A2, M4) hence by monotonicity 

tp^((a)^6',Ai,M4) =tp^((a)^6,Ai,M4). 

Similarly 

tp^ ( (a) ^ c', Ai , M4) = tp^ ( (a) ^ c, Ai , M4) . 

As equality of types is transitive tpj^((a)''c, Ai, M4) = tp^((a) 'c', Ai, M4) = 
tp^((a)^6', Ai,M4) = tp^((a)'^6, Ai,M4) as required.] 

®5 Assume Is = Iq + I'l + I2 are wide linear orders of cardinality A where 
X > A > K and let Ig = Iq + I[ for £=1,2 and Mg = EM^(j^)(/^, $) for 
e = 0,1,2,3. If £ G {1,2} and a G ^>(M^) then tp^ Ja, Mg.^, M3) does 
not A-split over Mq, (moreover if tp^^ (a, Mq, M3) does not A-split over 
A G K<x then also tpj^^ (a, Ms-e, Ms) does not A-split over A). 

[Why? For £ = 2, if the desired conclusion fails we get a contradiction as in the 
proof of ®2 so for £ = 2 we get the conclusion. For £ = 1 if the desired conclusion 
fails (but it holds for £ = 2) we get a contradiction to categoricity in fi by the order 
property (by 1.5).] 

®6 If A G (x*,x),5 < A"*", {Mi : i < d) is <j^^ -increasing continuous and i < 
S =^ Mi saturated then Ms is saturated. 
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[Why? Let N <^ Ms, \\N\\ < A and p e y{N). If d{6) > \\N\\ this is easy so 
assume cf(5) < \\N\\ hence cf((5) < A and without loss of generahty(5 = cf(5) and 
choose a cardinal 9 such that LS(^) < X* + |cf(5)| + ||iV|| < < X and ||iV||+ < 
A =^ < 9 and let q G S^{Ms) extend p, exist as K<x has amalgamation. 

Now for every X C Ms of cardinality < 6* we can choose <ji Mj by induction 
on i < S such that Ni e i^'^i is saturated, is <j^-increasing continuous with i and 
N^i is < ^-universal over Nj and includes (X U A?") fl Mj when i = j + 1. So by 
®2 (we justify the choice of Ni for limit i and) the model Ns is saturated, so if 
||A^||+ < A then Ns,Ns is saturated of cardinality 6' > ||A^|| so we are done 

as Ns <si Ms, so without loss of generality A = ||-^||^ hence X = 9^ . 

Also for some < 5 and N^ <^ Mq,^ of cardinality 9, the type q does not ^-split 
over N^. [Why? Otherwise we choose {N^, N^) by induction on i < 5 such that 
Ni <si N^ are from Ke,Ni Mi, N^ Ms,Ni is <j^-increasing continuous, 
Ni is <^-universal over Nj if z = j + 1 and q [ A^^"^ does 6'-split over Ni and 
U{A^^^ n Mi : j < i} Ni. In the end we get a contradiction to ®2.] 

We can find N' <ji M^, from K^^ such that q \ M^^ does not 6'-split over N', 
(why? by ©3) and without loss of generality A?"' <^ AT* and N' <^ N. Also q does 
not ^-split over AT' (why? by applying ®4, with 9,N^,,Ma.^,Ms here standing for 
A, Ml, M2, M3, Ni,N2 there; or use A^' = A^*). 

By (>k)6 as Mq^ is saturated without loss of generality Mq,^ = EMt-(^)(A, $) and 
for £ < A let Ma,,e — EM^(_(^)(^ x 6* x (1 $), so Ma,,e e Kq is saturated and is 
brimmed over Ma*,c when £ = C+1 by (*)io. So for each e < A there is Og G Mq,.^£+i 
realizing q \ M^^^g. Also without loss of generality <^ EMt-(^)(A + A, as in 
the proof of ®2 or by (*)io, now for some £(*) < A wc have A^ EMt-(^)(/2, $) 
and A^* <^ EM^(^)(/o,$) where Iq ^ 9 x 9 x (1 +£(*)) and h = [A, A + £(*)) U /q. 
Let Ii = 9 X 9 X (■(*) where ({*) E (£(*), A) is large enough such that a^^*) G 
EM^(^)(/i,$), e.g. C(*) = 1 + £(*) + 1 and let I3 = h U h Q X + X. Let 
M; = EM,(^)(/£, for e = 0,l, 2, 3. 

Now we apply ©5, the "moreover" with 9,Io, Ii, I2, Ii\Io, l2\Io, Ciei*)! N' here 
standing for A, Iq, Ii, I2, -^{,-^25 ^5 N there and we conclude that tp^;^ {0'e{*)j ^21 ^3) 
does not 6'-split over A^'. 

As A^' <si M^ <si M^ also the type q' := tp^Jag(*), M^, M;^) does not 6'-split 
over N'. Let us sum up: q \ M2,q' belong to y^^{M2), does not ^-split over 
A^', A^' G K^^ and x* < Also A^' M^ M^, the model is 6'-saturated 
and q \ M^^ — q' \ M^^. By the last two sentences obviously q = q' (it may be 
more transparent to consider q \ {< x*) = q' (^ X*))) so we are done proving 

®7 If A G (x*, x) then the saturated M G .^a is super limit. 



[Why? By ®6, (existence by the non-maximality by (*)6+ uniqueness; you 

may look at [Sh 394, 6.7=6.4tex](l).] 
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Now we have arrived to the main point 

01 If A G then Sx is a full good A-frame, K^^ categorical where Sx is 

defined by 

(a) = ^\ \ {M e Kx : M saturated} 

(6) S^^^{M) = y^^{M) := {tps(a, M,N):M <j^^ and a G N\M} for 

(c) p G ,y^^{M2) does not fork over Mi when Mi M2 and for some 
M <^ Ml of cardinality x*, the type p does not x*-spht over A^. 

[Why? We check the clauses of Definition III. ^^^^600-1.1 

Kfi, is categorical : 

By III. ^^^600-0.34 ^^(1) and (4)7. 

Clause (A), Clause (B) : By ®7 recalling that there is a saturated M G -ftT^^ (and 
it is not <g^-maximal) by (*)5 and trivially recalling III. ^^^^600-0.34 of 
course. 

Clause (C) : By categoricity and clearly no M G K^^ is maximal; amalgamation 
and JEP holds by clause (b) of the assumption of the claim. 

Clause (D)(a),(b) : By the definition. 

Clause (D)(c) : Density is obvious; in fact Sx is full. 

Clause (D)(d) : (bs - stability). 

Easily y^^i^M) = y^^[M) which has cardinality < A by the moreover in (*)6- 

Clause (E)(a) : By the definition. 

Clause (E^fb) : Monotonicity (of non- forking). 
By the definition of "does not x*-split"- 

Clause (E)(c) : Local character. 

Why? Let (Mq, : a < 5) be <s;^ -increasing continuous, 5 < A+ and q G y^^{M5). 
Using the third paragraph of the proof of ®6 for 6* = x*, for some a* < 5 and 
<sa -^a* of cardinality 6 the type q does not 6'-split over N^. So clearly q does 
not fork over M^^ (for Sa), as required. 

Clause (E)(d) : Transitivity of non-forking. 
By ®4. 

Clause (E)(e) : Uniqueness. 

Holds by the choice of x*, i-e. by ®i. 
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Clause (E)(f) : Symmetry. 

Why? Let Mi for £ < 3 and ao, 01,02 be as in (E)(f)' in III. ^^^600-1. 16E 

We can find a < (^-increasing continuous sequence (Mo,a : « < A""") such that 
Mq^o = Mq, Mo^a+i is <s;, -universal over Mq^q and without loss of generality Mq, a = 
EM7-(^)(7q,, $) so is <j^- increasing continuous, and A divides 7q.. 

By (E)(g) proved below we can find G Mo^^+i realizing tp^^ (a^, Mq, M^+i) 
such that tps^(a^, Mo,q:, Mo^a+i) does not fork over Mq = Mo,o, for £ = 1, 2. We 
can find A^* <^ Mq of cardinality x* such that tp^^ ((ai, 02), Mq, M3) does not 
X*-split over A^* so A^* <si Mo,o- 

Then as in 1.5 we get a contradiction (recalling III. ^^^^600-1. 16E ^^^^). 

Clause (E)(g) : Extension existence. 

If M and p e ^J'/(M) = ^^^(M), then p does not x*-spht over 

for some M* <^ M of cardinality x* by ©3. Let M* G K^* be such that M* <^ 
M* <^ M and M* is <^-universal over M*. As M, A^ G i^s^ C Kx are saturated 
there is an isomorphism tt from M onto A^ over M* and let q = n{p)^ . 

Now q f M = p by ®i as both are from y^^{M), does not x*-split over and 
has the same restriction to M*. 



Clause (E)(h) : Follows by III. ^^^600-1. 16A ^^^(3), (4) recalling 5a is fuU. 




Clause fE)fi) : Follows by III. ^^■600-1.15 

So we have finished proving "5a is a good A-frame.] 

02 If A G (x*, x) then is t {M : M is A-saturated}. 
[Why? Should be clear.] 

03 A* is well defined where 
A* = Min{A : X* < A < X and 2^ < 2^ for every n < u}. 

[Why? By clause (c) of the assumption.] 
Let e = {A+'^ : n < w}. 

04 5 A is weakly succsesful for A G O. 

[Why? Recalling that "sa categorical" , by Definition IV. ^^^^705-stg.OA 
Definition III. ^^^^600-nu.l ^^^^ and Observation III. ^^^^600-nu.l3.1 ^^^^(b) 

this means that if (M, A^, a) G K^^ ^ then for some {Mi, Ni, a) G K^'^^ we have 
(M, A^, a) (Ml, A^i, a) (see Definition III. ^^^600-nu.lA fe^^). Toward con- 
tradiction, assume that this fails. Let (Mq, : a < A""") be <g^ -increasing continuous, 
Mq,_|_i is brimmed over Mq, for a < A"*" such that Mq = M. Now directly by the 
definitions (as in III§5, see more in Chapter VII) we can find {M^, fn '■ f] G ^^^^2) 
such that: 
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(a) if 77 < z/ G ^ >2 then 

(b) if ?7 G ^^^2 then is a one-to-one function from M^gf^^^ to over Mq = M 
such that p ^T] => fp <Z fj^ and fn{Mig(^ri)) -^t/ in fact /o = idM and 
(M, iV, a) <,b^ (/,(M,,(,)), M„ a) G K]'^ 

(c) if = r]" {£) G ^^2 then Mj, is brimmed over 

(d) if 77 G ^^>2 then /,,-<o>(Af^g(T,)+i) = fv'<i>iM£g(ri)+i) 

(e) if ?7 G '^'^2 then there is no triple (A^, /o, /i) such that f-q' {i){M£g(^^^^i) <s N, 
and is a <s^-embedding of Mn'<:£> into over /?7"<£>(M^g(^)_|_i) for 
£ = 0,land/o rM^ = /i f M^. 

Having carried the induction by renaming without loss of generality?] G ^^^2 =^ 
fr^ = id-Mig^riy No'^ ^* •= U{Mq, : a < A"*"}; it belongs to S\+ and is saturated 
and for r] G ^^2 let := U{M^fc. : a < A+} so <5^_^ G . But x is 

a limit cardinal so also G (k, x) so let A^* G -ft^s^+ be <s^_^ -universal over M*, 
so for every r] G ^^2 there is an <5+-embedding /i^ of into A^* over M*. But 
2^ < 2'*'^ by the choice of A* so by I. ^^^^88r-0.wD ^^^^ we get a contradiction 
to clause (e).] 

05 for A G O, if M G is saturated above A for K^^, then M is saturated 
for K. 

[Why? Should be clear and implicitly was proved above.] 

□ 1 NFg^ is well defined and is a non-forking relation on respecting Sx (for 

A G e). 

[Why? By III§6 as S\ is a weakly successful good A frame.] 

□2 5x is a good""" A-frame (for A G O). 

[Recalling Definition IV. -^^^705-stg.l assume that this fails so there are 

{Mi,Ni : i < A+) and (a^+i : i < A+), as there, i.e. a^+i G Mi+2\Mi+i, tp^^ (a^+i, M^+i, Mi+2) 
does not fork over Mq for Sx, but tpg^ (a^+i, A'o, -^i+i) forks over Mq. Also, re- 
calhng Definition IV. ^^^705-stg.l fe^^ the model M = U{Mi : z < A+} is 
saturated for hence by ©5 for so it belongs to Kg^^ . 

We can find an isomorphism /o from M onto EM,-(j^-)(A"'", by (*)6- By the 
"moreover" from (*)6, more exactly by (*)io we can find a <j^-embedding /i of 
A^ =: U{A^i : i < A"*"} into EMT-(j^)(A x A, $) extending /q. As we can increase the 
A^j's without loss of generality fi is onto EMt-(^)(A x A, $). We can find S < 
such that Ns — EMt-(^^^{u, $) where u = {Xa + (3 : a, (3 < d}. By as+i we get a 
contradiction to ©5.] 
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□3 Let A e e 

(a) <s;^ is a partial order on K^f^ [s\] — K^^^ and {K^^^ , ) satisfies 
the demands on a.e.c. except possibly smoothness, see III§7 

{13) if M e Kx+ is saturated and p e S^a^M) then for some pair (A^, a) 
we have M N and a E N realizes p 

(7) if M e Kx+ is saturated then some N satisfies: 

(a) N e Kx+ is saturated 

(b) N is <j?-universal over M 

(c) M<;^N 

(6) Sx is successful. 
[Why? Clause (a) : 

We know that both K^+^[sx] and i^s^+ are the class of saturated M e Kx- The 
rest holds by III§7,§8. 

Clause (0) : 

By ®3 we can find M of cardinality x* such that p does not x*-split over 

it (equivalently does not A^-split over it). 

Let {Met '■ ct < A"'") be <g^ -increasing continuous such that M^+i is brimmed 
over Ma for Sa for every a < A"*" and M* <^ Mq (so ||M*|| < ||Mo|| otherwise 
we would require Mq is brimmed over M*). Hence U{Ma : a < A+j G Kx+ 
is saturated (by ©5) so without loss of generality is equal to M. We can choose 
a*, Na{a < A) such that {N^ : a < A"*") is -increasing continuous, M^ <sx M^., 
nYs^{Ma,Na,Mp,Mp) for a < /? < A+,iVa+i is brimmed over M«+i U iV« and 
tps^ (a, iVo, Mo) = p t Mo so a e iVo- Let N = U{iVa : a < A+} so again N e Kx+ 
is saturated (equivalently N e K^V''''[sa]) and M <^ N and even M AT (by 
the definition of <*^). For each a < A+ we have NFs^(Mo, Nq, Ma, Na) but NF^^ 
respect Sx hence tp^^ (a, Mq,, Na) does not fork over Mo hence by the definition of Sx 
the type tpg^ (a, M^, A^^) does not A-split over M* hence tp^^ (a, Mq., A^q) = p \ Ma- 
As this holds for every a < A"*", by the choice of x*, i-e. by ®i clearly a realizes p. 

Clause (7) : 

By clause (/?) as in the proofs in III§4; that is, we choose N e Kx+ which is 
<^^-universal over M. We now try to choose (Mq,, fa, Na) by induction on a < A""" 
such that: Mo = M,No = N, fo = idM,Ma is -increasing continuous, A'q is 
<i^-increasing continuous, fa is a <i^-embedding of Mq into A'q, fa is C-increasing 
continuous with a and a — (3 + 1 ^ fa{Ma) n Np ^ ff^^Mfj). 
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For a = 0,a limit no problems. If ct = /3 + 1 and fct{Ma) = we are done and 
otherwise use clause But by Fodor lemma we cannot carry the induction for 
every ct < A"*", so we are done proving (7). 



Clause {5) : 

We should verify the conditions in Definition IV. ^^^^705-stg.OA Now 

clause (a) there, being weakly successful, holds by ©4. As for clause (b) there, it 
suffices to prove that if Mi, M2 G Kf^^lsx] = and Mi <^ M2 then Mi M2 

which means: if {Mi: a < A+) is <5 ^-increasing continuous, M^^^ is brimmed 
over M^ with Mi = U{M^ : a < A"*"}, then for some club E of A"*" for every a < P 
from NF,,(Mi,M2,M^,M|). 

By clause (7) there is G K + such that Mi <* A^ (hence Mi <^ A^) and 
N is <^>i A -universal over Mi. So without loss of generality M2 <si N but by III. 



l600-ne.3 



.(3) all this implies Mi M2. So we are done proving Hs. 



□4 S\+ is the successor of 5\ for A G O. 

[Why? Now by Hs the good frame S\ is successful; by IV. ^^^^705-stg.3 ^^^^ 

we know that is a well defined good A"'"-frame. Clearly Arg^(_|_) is the class of 
saturated M G ^x+, by ©5, see the definitions in III. ^^^^600-ne.l III. 
^^^600-rg.7 ^L^(5). But Sx is good+ by ^2 so by IV. ^^^705-stg.3B 

we know that <5^(_|_)=<^+ [5^] is equal to <j^|~ so K 

5x{+) and Sx+ are full, clearly 




bs 

sa(+) 



.^s a- ■ As both 

^A + 



For Ml <,^(+) M2 <^,(+) M3 and 
a G M3\M2, comparing the two definitions of "tp^^^^^j (a, M2, Mi) does not fork 
over Ml" they are the same. So we are done.] 

□5 s^^+cu is the limit of (s^" : n < uj). 



[Why? Should be clear.] 

□e Sx satisfies the hypothesis IV. 
holds. 



1705-12.1 



of IV§12 if A G e\A+3 



[Why? By □2,03, 04 and IV. 
Hence 



I705-12D.1 



□7 Sx, is beautiful A;;!"'^-frame. 
[Why? By IV. ^^^705-12b.l4 and IV. ^^^705-12f.l6A ^^^.] 

□s Ar[s^+c^] is categorical in one x > ^^'^ iff it is categorical in every x > A"'"'^. 
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[Why? By IV. ^^■705-12f.l6A ^^(d),(e).] 

□9 if A > ni,i(A+'^) then = ^5^+^]. 

[Why? The conclusion 3 is obvious. For the other inclusion let M G Kx, now by 
the definition of class in the left, it is enough to prove that M is (A+'^)+-saturated. 
But otherwise by the omitting type theorem for a.e.c, i.e. by 0.9(l),(d), (or see [Sh 
394, 8.6=X1.3A]) there is such a model M' G K^, contradiction to (*)4.] 

By □§ + Eg we are done. □7.12 
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